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PREFACE 


curioaity- about the? universe in whirb he lives can be 
traced back to the beglnnliifis of human records. The wonder 
and excittment engendered! by this itudy havff been the subject 
of touch literature, including poetTy ^Lucretius, Ofliar Khayyai;^ 
Shelley, toany others). In the last fifty years the sub¬ 
ject haa beccrtoe a formal science in the sense that the theor¬ 
ies of CDsmoIogy can now be confronted with en increasing 
weight of observational evidence. 

We feel that a subject of such philosophical and scion* 
tifiC interest has much to contribute to our culture and to 
the education of pupils at school and students at University, 
However, the difficulties of the geneTal theory of relativity^ 
aiud of establishing the connection between theory and observa¬ 
tion, have curtailed the use of the subject as an elemerit in 
education. This book represents an attempt to open up the 
path to the frontiers of knowledge in cosiMilogy by using only 
the patbOBatics of the last school or early University years* 
This simplification is liable la Aislead the superficiel 
reader, but we have attejsptcd to work largely with eq,U9tions 
which are in agreement with relativity^ though Taotivaied by 
classical or ffewtonian Insight. Though many new and exciting 
astrophysteal results could not be discussed, we have tried 
to give the background Into which these discoveries can be 
etobedded. In this way we hope that the book will not date too 
rapidly and that the render will enjoy advancing to quantita¬ 
tive results by sippIe methods. 


P*T,L. 

D.A.E. 
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tT^TRODUCnON 

1*1* WHAT IS A STAGE IX BOOK? 

All area^ of study cun be described in ordinary lengda^e in 
order to gain prellifllnary Insiahta, This is as true of his¬ 
torical topics as it is of geographical OT tc^ological ones. 
These accounts cati b® eaclting because they can clarify brood 
sreas sf knowledge by rapid sweeps of the imagination* Once 
one's interest is aroused in one of these topics one may want 
t-o makfl a more detailed study of It* For Instance^, in his* 
tory the docuTHents ofthe time, In their appropriate language, 
have to be studied, and precise dates have to be supplied* 

In thn case of geography the detEiled curves traced out by 
rivers under various condition-i^ nay be analysed* The growth 
of individua] species may be discussed eluantitatively In 
biology. 

In this book we are concerned with a subject which in¬ 
volves the natural sciences, and again one first wants tn 
understand its broad outlines (Stage 1)- Stage 11 involves a 
more quantitative discuss Ion In which siinplo mathematical 
argujiieiiTts begin to appear, Stege III is the attempt to roach 
the whole frontier of knowledge by studying the full topic as 
Currently understood by the cKpertSii In cosaoiogy we have a 
topic of Imnense general and philosophical interestp since it 
deals with the development of the universe as a whole. la 
space finite or infinilet How did the universe evolve into 
its present statoi and what is its future? How can our many 
observations of stars, galaxies^ pulsars, and other objects 
be fitted into a coherent view of the universeT Such ques¬ 
tions have occupied ueni since time iinaieinorial * and this book, 
too, deals with then. However, the subject presents aspects 
which are pecollar to iti 

Jts /ipat is that interest in it is wide¬ 

spread and is easily aroused* In fact there exist several 
expositions which offer excellent and popular introductions to 
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it* In broadly increasiiig order of technicality we Biention 
j ua t B fev; 

H- Bondi^ at fLondon: Heijieniannif 19&l]i 

F.P- Dlck^Oti^ Th 0 ^ou-£ of night [Caortbridye^ N.llT* 

Press, IP&S)i 

S^f- Butler and H. Mess el (ed*], Man in inne^ and ous#-? 
wptia^ fOjcford: Pergaiiion, 1969}. 

J.D. North* rfttf maaoura of {Oxford; Claren¬ 

don Press, 196SJ. 

D.W^ Sciaas* Mod^i*n aoEm^l&g^ [CambridKe University 
Press, 1971}* 

Here ve assuwe that the reader's interest In the subject is 
already aroused, and that he is looking for & more quantita¬ 
tive Luiderstanding of the niain ideas. Even If he has not read 
any of these booksv he Is assiimed ready for stages 11 or III. 

In order to be at the frontier of knowledge (Stage Ill}, 
however, the student needs to understand the genornl theory 
of relativity and this ]>rescnts fornidable obstacles^ for all 
those who have not attained e rather hi^h level of mBthenuiti- 
cal education. If they have, they nay turn to the fallowing 
books, again in broadly increasing order of teohniealirys 

P»J*E* Paebles, Fh^eioot eommologif CPrinceton University 
Press, 1971}, 

R^K, Pathria, The of (Oxford; PergBoion^ 

1974] . 

R^Chi ^teVittie, ^cn^raJ and eoenroZo^^, Znd 

edition (Londons Chapnan and Hall, 1965}* 

Cilfn Misner, K^S, Thorne, J-A. I^heoler* Oranftatfos (San 
Francisco? W.H. Freeman, I97Cr] * 

S. Weinberg, CPaaftatiew and ooMmologt^ York.: Wiley, 

1972), 

The following ptihHcatinns deal with various ways of 
gaining an understanding of relativistic cosnalogy without 
U5lng the full apparatus of getieral relativity, though none 
follows the path taken in this book: 

Mh Berry fc Prinefple# of and tatfon 

(Cambridge University Press, 1976). 

C- CalI an, Dicke, and P.J.E. Peeples (1365), 
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CoisuDlDgy and Newtonian racctianicSj Am, W. 33 * 

105. 

Karrison Cosmology without rBlatiifity\ Ann. 

35 p 4 37, 

p*J*E. PeehlBs J^osmolo-gy for everyphyiicist, Amv 

pT* 37* 41^^^ 

It is clearly of Uterest to facilitate th® passage fro™ 
stagff I to stage III by the pravision of stEge El expositions* 
and this ia attewpted in this book* As far as we are aware, 
it is the first book which attempts to make the subject 
systematic and quantitative without developinfl general rels* 
tivLty, We hope to give the reader a reliable introduction 
without going beyond the iiuitheaatics learnt at school. He 
should in fact he able to Study research papers in some cf the 
aspects of cosMlogy after perusal of this book. The expert 
will* however* also find new intorpretstions and connections 
in this bedki but he must bear with out attempts to esplain 
what we are doing in detail, ^o that it may be understandable 
to the beginner,. 

rfe* 00 e&nd p^jsuliaritif of cosmology is that the connec¬ 
tion between the theoretical models and the rapidly increasing 
□bserVHtional ttiattrial la rather subtle and needs careful 
explanation* We have not shirNed this issue, but have devoted 
Chapters 10 and 11 to this facet of the subject* 

In this first chapter we shall ask! what scientists are 
involved in our suhjecii and what is a ToOgh descriptiofi of 
the universe In space and tiige? 

PEOPLE 

TkiP cjooPKjJotffat is sQaaeone who seeks to understsnd the uni- 
verse as a whole, In as lauch detail as is reasonably attain¬ 
able and by scientific qpana. The qualifying clauses In this 
definition both call for further caniinent. 

Obvioualy a description of even the present state of the 
Universe which alLot ted one sentence to each galaxy - of which 
there are at least 10^*^' - would already he far too detailed 
for the hujsan mind. In practice the coamolagist would be very 
happy with a description of the major kinds of object — stars* 
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quBsars# - in e^xi?t«Tlce. Ideally this would include 

fi Specification of the radiation they enii:, e.g, intensities, 
frequencies, pnlarizatinns» angular distributions, and fluc¬ 
tuations in these quantities, Ftoih these he might hope t& 
infer the innsses, temperatures p velocities* etc-, of these 
objects.. He would also want to know the way these objects 
are distributed in space, and haw the objects and their dis- 
tributioTi vary with time throughout the past and. future of 
the universe* Much work in cosmology Involves far less de- 
taile-d pictures or models* tn which all that is considered is 
the fiverage density of matter and radiation In the universe, 
and its variation with tine, hs a step towards a more de¬ 
tailed description one would want to consider the averaRe 
densities of the various types of matter [neutrinos,, elec¬ 
trons! protons, hydrogen atoms* heliuin atoms, etcO ^5^ * func¬ 
tion of Time and the nuclear reactions by which the elements 
are Synthesis:ed, 

The stipulation that scientific moans are used rules out 
a wide range of approaches, from the purely phllosophtcsl (ns 
iftstsnced by the deduction a£ Parmenides in the fifth century 

that the universe must be perfect In farm and hence 
spherical and unchangingj to the fundamentalLst [for instance 
Archbishop Ussher^s calculation that the universe was created 
on October 4004 However, the ran^e of scientific 

evidence relevant tn the cosmologist*s search is very wide, 
and he is dependent on the efforts of many colleagues- These 
include the foil owingi 

Tks phy'wicist, who Studies the basic laws - of gravita¬ 
tion, light propagation* nuclear reactions^ and so oo - to 
which all proposed models of the universe must conform, 

Th^ aa trorwmer f who describes the present appearance 
of the regions of the universe within hia constantly Increas¬ 
ing range of observation- 

Thtf astroph^ffioiatf who Studies the processes occurring in 
and between BStronomlcal objects, and describes their past and 
future development. This includes the atomic processes 
involved in the emission of radiation and the transport of 
energy by radiation^ diffusion* convection* etc** through the 
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material of stars. He also studies the effect of processes 
such as turhulcfice. 

Thi who provides infonBAtlon ahoul the age and 

compositloh tsf the earth, of lunar roclcs and of metearites 
agatnst Khicti any cosmological theory can he tested. For 
example, the cosmOlOgUalLy deduced age of the universe must 
exceed that of all geological objects. Also, the observed 
and Cosmologically deduced ahundances of certain chemical 
ci^mtnts must be in hroad agreementr 

Ths matp who provides techniques for transle-t- 
ing the ratheT general laws of physics int-p statetnents about 
the range of possible models of the universe^ and the observa- 
tignal consequencos of each model. 

SueJ^ brief descriptioTi-; are necessarily roujgh. In parti¬ 
cular the bordexl iftes between the varioua dtsctpltnes are nnich 
less well defined than is Soggest-ed above i and one scientist 
may fill different roles. There is also a constant interac¬ 
tion between disciplines. When the mathematical consequences 
of a cosmological model are difficult to reconcile with obsar- 
vatiuTial data, for eKample, fl cosmologiat may propose modifi¬ 
cations of n physical law which has so fat been aceeptod, 

Hia reasons may he that these modifications manifest them¬ 
selves only in certain esttreme conditions of temperstore and 
pressure which occur in cosmology, but not in terrestrial 
experiments I or only in very large physical systems. Such 
modificatIqns are bound to be topics of prolonged debate among 
scientistst since the cosmological reasons foT proposing them 
are always rather indirect. Thfi^y do not have the quality of 
precision which one can. attribute to an experiment performed 
in the laboratory* To give specific examples, Dirac [IJ pro¬ 
posed In 1937 that the gravitational constant may depend on 
time. Hoyle and Marl Hear [1] suggest that the mass of elemen¬ 
tary particles depends on the local density of matter- Such 
ideas arc peripheral tc this booh Ibut see Section ^.2*5 and 
/ippendlx B) , which assumes the Uws of physics to be indepen¬ 
dent of position in time and space. 

We Can now say a little more about a cosmolOgiat's tasks* 
A cnsmolagist is a peTSou who works with pencil and paper — a 
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theoretician. Such a person analyses the results obtained hy 
astrophysicists, astronomers, etc,^ using the laws of physics 
and the ntanipulative techniques of the mathematician^ Kls aim 
Is to create a conceptual fraraewoTfc which is in agreement with 
as wide a range of eiperimentBl data as possible. Such a 
framework Is celled b mcTbI. The model can be used by the 
theoretician or other scientists to suggest additional obser¬ 
vations which may in turn lead to a confirmation, refinement, 
or rejection of the model. A single example of a choice 
between models Is furrhished by an argument pf Eratosthenes 
(o* 273—192 S.C^J. He knew that the Sun was vertically over¬ 
head at noon on a certain day at Syene ffigypt), and made am 
angle of 7" with the vertical at nooti on the same day at 
Alexandria, which is about SOO kra distant. This observation 
is consistent with a nttmbeT of models for the shape of the 
Earth* two of which are (1) that the Earth is flat and that 
the Sun is relatively close; and tH} that the Earth is spher¬ 
ical, with a circumference af tSSC'’/?*} »{ dDtS knip and the Sun 
very distant^ Since there were other xeBsons for believing 
the Earth to bo spherical, he chose the lecond irtodel and 
accordingly estimated the ciTcumference of the Earth at about 
41 GflO km, which is quite B good ostiinBte by present stfiiid- 
ards. The two mpdols are illustrated in Fig. 1.1, 


!^uii 




Fl(j+ l+l* Models nf the Earth—Fun relationship available to Eraiavtbanes. 
ta) Flat Eorthf Sun at 41iitHne« fl • {a(Ht cot 7') kk . liiti, fti] Spher- 

IcbJ Earth, fliPttMferttwft of Earth - (SOC « a6Q*/7*J tm = 41H3 hm. 
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1-3. THE FRAME^^OM DF THE UNIVERSE AKD ITS COKTEHTS 
As the 93 tron^JBier directs hl^ attention outside the solar 
sy^steiti, the nost consploitpus objects to meet his view are 
the stars- For most of history these have appeared as ft con- 
stajit background against which the plHnets taove* Galileo, 
using the newly invented teXescape^ discovered the existence 
of many faint stars, invisible to the naked fiySi and in par¬ 
ticular those forming the faint band of light forming the 
MUky Way- Herschel in the eighteenth century proposed that 
the solar system is inside a large roughly disc-shaped systeiii 
of stars, which may be culled 'our galaxy^- Tho Hilky Way is 
then simply the large number of stars in the plane of aur 
galalcy^ It contains around 10^^ stars, and the solar system 
is about two-thirds of the way out from the centre to the 
edge- 

A 5 well as the stars, a few faint Ituoinous patches or 
nebulae are visible to the naked eye, and many more in a 
telescope. Because of the disc-like appearance of some nebu¬ 
lae, Kant suggested that they wore star systems of the same 
order of size as our galaxy, but far beyond it- Other ob&er* 
vers considered that the nebulae wore all iocal objects, thi*. 
question was resolved in the IflOs when Hubble studied the 
Andromeda nehula and estimated its distance as OftO light 

yearSi putting It well outside our galaxy and suggesting that 
it is comparable to it in site. Miiny such star systems have 
since been Idonttfiod- They are krowri as galaxies, and the 
term nebula now tends to he reserved for regions of luminous 
gis Within galsxifta. Our galaxy will be referred to ns the 
Galaxy with a capital Q* 

A new picture of the universe had now emerged. Since 
stars were not uniformly distributed in space but were clus¬ 
tered together in galaxies, perhaps galaxies themselves should 
be regardtsd as the basic building blocks of which the universe 
Is formed? Elubble estimated the distances of a Iqrge number 
of galaxiesr and found that they occur in clusters, however, 
the averago density of galaxies in space, on a large enough 
scale, did not seem to very with distant:e from the Harth^ On 
this scale* thereEoro, the universe appears to be uniforr?i* and 



imOtJlJCTrON 


tb<f galaxleE {or Conn convenient rof^irencc points in 

This roughlx imiform fTMowork. 

Before Hubbleconfirmation that the Andromeda nebula is 
M sjcternal galaxy^ SHpher in 1912 had shown that this galasty 
was approaching the Earth at a speed of about 20D hm The 

observationA.! basis for this is a shift in the frequency of 
light absorbed by certain atoms in the stars of the galaxy^ 
compared to light absorbed by atottrs of the same typo in the 
Sun or nearby stars* or In the laboratory. As discussed in 
Sect ion 10*2 below * such a shi ft can result if the galajey In 
question is appraachina the Barth or receding from An 

approaching galaxy has its light shifted to higher frequency * 
that Isi towards the blue end of the spectrum * and this is 
described as a blue-shift? conversely light from a receding 
galaxy is lowered in frequency and experiences a red-shift* 
Measkirefficnts on a nuraber of galaxies followed Slipbar's ori¬ 
ginal ohservatlonp and In all but a few caaes red-shifts were 
found* indicating a predominance of mot ions away from the 
Earth ► Finallyj in 19 29* Huhble established that* except for 
random motions* and effects of the rotation of our own Galaxy* 
every galaxy observed out to a distance of six million light- 
years. is receding from the cantre of our Galaxy with a speed 
proportional to its distance* These galaxies are therefore 
continually becoming more distant from us or from the centre 
of our Galaxy and therefore from each other* If the galaxies 
are indeed the bASic framework of the universe^ tha conclusion 
is clear;; the universe Is expandingE 

The dramatic nature of the conclusion becomes evident if 

one looks backward in time- Each galaxy hau at present a 

speed of recession which is proportional to its present 

distance r„ from 

0 ■ 


•*0 - Vo- ti-13 

where S is known as the Hubble parameter and the subscript 0 
indicates the present value. Observations suggest that ff is 
roughly the same for all galaxies at tbs present time* 
although it may vary with time* this is Hubble's law. 
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tn Qtdtr to imdeTstBiid the mesniine of the quaintIty 
let it be assyned that each gnlaxy has been moving away fran 
us with its own chai^acteristic speed which Is con^atant in 
tine- Then the distajice of any one galMxy frota ns was zero 
at the fiuthH tim* given by 



and this the same for all galaxies. Although these equa- 
tions arc based on classical ideas of space and time, they 
continue to be valid in special and general relativity pro- 
vided velocity and dlatance receive appropriate interprets- 
tions* aa discu^od in Section lO.S. 

It would be wrong to infer that olE galaxies were over¬ 
lapping in some volume of space a time ago^ In the firat 
place, each galaxy Plight have a tranaverae valocity, which 
would, in general I depend on tiraOi Thaso velocitlea are at 
present believed to be small. but if they act for periods of 
the order they are liable to ensuire that a given galaxy 

n 

may never have been in tho volume V- Rotating model universes 
are of this typCi In the ^ecesnd pi ace ^ gravitational attrac¬ 
tion will slow down the recessional velocities of all galaxies 
and may do so to a different extent for different galaxies^ 
This may mean that even those galaxies which have been in the 
volume V have not necessarily been there at the same time. 

This possibility is normally disregarded as it implies a 
breakdown of Hubblelew iti the past. 

In the simpler cdsaiological models of Section it Is 
assumed that 

fi) the motions of the galaxies are radial with res¬ 
pect to US, 

Cii) the Hubble law fl.ll U valid, not only now, but at 
all tlTTies, 

(iii) gravitation is the dominant force and acts so as 
to slow down the expajtftiori. 

The resulting models then indicate a time before the pre¬ 
sent at which all galaxies were at zero distance frem each 
other. Because of [iii) the speed of recession of each 
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galajcy greater in the past* and therefore t_ <t„^ A mots 

I - 1. j n 

renHstiC description would he that the galaxies fora^d Out of 
less structured matter [probably hydrogen storasl* btit the 
expansion of the universe must have started before the period 
of galaxy formation and can in fact he traced back to an ini¬ 
tial very dense state, the so-called ‘big bang' or 'singular¬ 
ity'. Because such states are not accessible to laboTatory 
invtstigtt ion.. it is not certain whether currently accepted 
laws of physics apply to them, and it is a instteT of taste how 
far back in tine one Is prepared to trust ^uch models,. There 
are wide variations among scientists on this score. It is 
agreedp however, that the early states of the universe wore so 
dense that stars and planets a? wo know them could not oxliit . 
Thus cannot he less than the age of the Earth* estimated by 
geologists to he at least 4 ^ 10^' years. Hubble's initial 
vaiue for wax only 2 * ID^ years, putting co^uiologists in 
some difficulty ^ l^owever, Baade in 1SS2 showed that Hubble ^s 
ostlmatedl distances* and therefore also were wrong by a 
factor of about S, due to his having wrongly identified the 
stars in external galaxies whose brightness he had used as an 
indicator of dletance. At present is bcllcvod to lie in 

the range from l.S k to 3 ^ 10^*^ yearA, comfortably 

greater than the age of the Earth. 

At the beginning of the I930s^ therefore* the universe 
was believed to consist of a large Fiuraber of galaxies* dis¬ 
tributed unifonnly In spece Apart frodi local clustering* and 
moving apart in such a wny that for every position in space 
a Specific speed of recession is defined by [I.IK More 

recent observations have left this picture broadly unchanged* 
but have added to It, first by extending the range of vision 
to include more distant galaxies» end secondly by revealfrg 
new types of astroneinical object* some of which can be obser¬ 
ved at ov'en greater distances than can ordinary galaxies. 

The extended range of vision is of great importance beenuse we 
pee distant object^ by light which left them a long time ago* 
and arc therefore observing 4 very ancient stare of the uni¬ 
verse* Such observsst ions should in principle make it possible 
to evaluate the inerJtSr of diffore-Tit cosmological model.^* hut 
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in practinE iher^ ara Jifficultie^i of interprttiition^ as dls- 
EusseJ in Chapter 11 bellow. For the proseat wb luill content 
OUT^elve^ with de^cribipg some of the newer types of object- 
i^adis fftilaxies are galft^cie^ in the nomal sense, Le* 
large atar systems^ which emt huge amount$ of energy in the 
reclio wavelengths. The ordinary 11,6- visible] stars in an 

■ jd _ I 

ordinary gal any oinit about ID erg s in radio waves as 
opposed to about erg in visible light* lladio gal¬ 
axies^ by contra-Bt, ctnti about 10^^ erg in radio waves, 

the nechanisra of this emission is not understood. It seems 
likely that it involves catastrophic events in the centres of 
galaxies, where the star densities are highestp and photo¬ 
graphs of such gala Kies often show gaseous filampnts emerging 
from the centre as If from a large explosion^ For the cosmo- 
logist these galaxies are of interest as a class of objects 
which can be detected by radio telescopes at very large dis¬ 
tances - 

are also powerful radio sources, 
but have an optical appearance closer to that of a visible 
star than a galaxy.. They also have typically very iDrge red- 
shiftSp indicating by the Hubble law lhat they are at great 
distances, ThiS' riinatis that their total radio power output 
must he very high to produce the observed radio signal 
strengths. On the other hand* their physical SliO is believed 
to be much smaller than that Of a galaxy, because thEtr radio 
output can change slgnifIcontly stt a few years. This ineatis 
that their diameters must be at most a few light yearsp other¬ 
wise differences in the travel time of radio waves would smear 
out the observed change in output. The combi nation of high 
radio output and small physical size has proved very difficult 
to expliiti^ and it has been argued that quasl-stel lar objects 
are not at cosmological and that their red-shifts 

arise either from their own gravltatlDnal fields or from high 
speed motion resulting frotti a nearby explosion- decent obser¬ 
vations, however, suggest that these objects are associated 
with the centres of distant galaxies and may in fact represent 
one stage in the life of a particular type of galaxy. If £Q| 
their distance Hnd energy output maleo them of interest to the 
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CDSinolQgisl in the ^ame ^Jiy as radio 

Puledm^ mutr^n stafa^ &nd ir^cr^pf h^tw^ itiity cli^^sed 
togetlier as rec^jitly discovitred objects* having In common 
that they reprefient an extremely dense state of Hatter- Pul¬ 
sars are radio sources v^hich emit p^ulsos having an extremely 
cofistanl period of theorder of 1/50 second to I second. The 
shortness and constancy of the period mTan that a pulsar mtigt 
be a smali [dloiditter less than 1/30 light-second or 10 OtlO kml 
and solid object- From studies of the pulsar in the Crab 
nebula and others,it has been concluded that pulsars are to he 
identified ^Ith neutron stars — stars which have suffered n 
violent e:?£piosionr lost a great deal of their mass and energy* 
and contracted to a diameter of a few tens of km- Such a stor 
has a density of about gm/cm'^* If a more massive star 

runs out of its nuclear fuel and cools down, its own gravita¬ 
tion can cotapress it to even higher densities than those of 
neutron stars,. At b certs in point in this process the 
^escape velocity % that is the speed which a particle emitted 
at the surface must have to leave the star entirelyp (nay 
exceed the speed of Light- From then on no light ray and no 
material object can leave the star* which becomes a black 
hole — an entity capable of swallowing without trace any 
object that approaches it too closely, fteforo It disappears * 
mattcT falling into the star is. greatly acceUrated and com¬ 
pressed by the star's gravitational attraction and would bo 
expected to emit radiation. The foregoing description is 
speculatiye ~ It is claimed that hlack holes have been detec¬ 
ted by their X-ray emission hut other interpretations^ of the 
data Are no doubt possible. These objects can he readily 
detected only If they are within our galaxy. They are clearly 
of great aBtrophysleal interest* but have less hearing on cos^ 
mology* A black hole* if at close enough rang^ to be studied 
intensively I would be of great Importance to general telativi- 
ty* and 50 indirectly to cosmology, because its intenise gravi¬ 
tational field would give opportunities for severe of 

this theory. 

The eadfuflpn* though not an object 

in the usual sense* is an important const ituOTit of the uni- 
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ver^e. Gjiinfsw fS] Kad flu^^csted in that thti narly stages 

of the universe had Keen hot as well as deosei and that large 
amounts of radiation were present ns well as mat ter. In a 
finite ntiivarso embedded in an infinite Euclidean space the 
fadlationi, travelling at the speed of light, would outpace all 
tho galaxies and now he beyond detection, Tliere would* how¬ 
ever, be no way for radiBlioiii to leave an infiTiite universe* 
or a finite universe which fills a curved non^Euclidean space 
[aiye Section 13]* and the radiation must then still bo pres¬ 
ent unless absorbed by matter* 3ts effective temperature 
would have dropped, as a result of the expansion of the uni¬ 
verse, to a few degrees above absolute sero, but it should 
still be detectable at wavelengths of a few centimetres* Such 
a radiation field was in fact discovered In 19'6S [4]* and 
observations have been made since at a number of wavelengths* 
The importance of the radiation to costnology is twofold* 
Firstly^ Its present temperature is one more piece of Informfl- 
tion towards understanding the early history of the universe* 
Secondly, its intensity is ta^stMpin to a very high degree, 
thfit is It comes equally from all directions in space* This 
fact has been u_s#d by Collins and Hawbing fsj to show that any 
rotation of the universe as a whole is limited to angular 
volocities less than 10"^^ seconds of arc P«t century- 

1*4* Wt UNIVBUSE IN TIME 

Kc now turn from a rough outline of the universe In space to 
on outline of its developmenl in time. This section intro¬ 
duces in a simple fora some of the basic ideas discussed, in 
greeter detail, in Chapters 4-b and 9. Consider n simplified 
model universe cpitslsting Of a Set of n particles which wove 
radially in a manner defined by a universal function of time 
flft), the same for all*particles, so that the position Vector 
of the tth particle at time f is 

Tk a. , (13) 

I 3 

a^ being constant for each particle* Eqn (13) is equivalent 
to £Z.4) * provided we tshe to be a constant multiple of 
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the scale facter 5{t) introduced there. Eqn [1,31 therefore 
follows from the tfubble law; It also implies the Hubble law in 
the sense that the speed o£ the fth particle is ” 

{jh'CtJ/#[t)and is the same for all particles. The 

kinetic energy T a£ the system can now be found. If is the 
mass of the fth part ide, then 




n 


I 

i-1 




2 

i 



Al&o the gravitiiitJOiiAl potential ein5rg)f of the systeia is, as 
discussed ill Chsptet 3, a sum of ternis 


li;, j , _ i j 

and in therefore of the form (-R/F] i^ith fl a positive con 
stant. The total energy is 


E - aP-S/K = Ai'n^-C/E} 


[1.0 


If wa dafina C = JS/A, Detailed calculation {Sectlan 5,1) 
shows that 

c os^ { 1.53 

where p is the density of the system* 

if we consider only the n p&rticles, the density [raaas 
per unit volume) varies wUh time as since the mass of 

ony set o£ the particles remains conatant while the volume 
varies as ^ However, a realistic model universe must also 
contain radiation in the form of photons^ and the energy of 
these photons contributea to the mass of the universe and so 
to its gravltitional potential* Pecause of the red-shift the 
frciiuency of each photon varies with time as IfR (see eqn 
(10.44)}; the energy of each photon is Planck's constant If 
times its frequency and therefore also varies me 1/ff* Since 
the rtuflfiar density df photons varies as 1/ff^^ the energy 
density and the mass density of radiation will vary aj 1: 
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^ ^ * ^Crastter) * ^ffli ^ * 




[ 1 . 6 ) 


Since the mean energy of a set o£ photoTif Is a fnedsure of it^ 
tempe rat Lire f, the foregoing iBiplies that 


f, * , i f « i? 

(phot oils) r 


Cl-T) 


The reader laay wonder ¥hy the photon density should be in 
the least affected by the function if{t) which was defined in 
teritts of the motion of the particles. The reason derives 
from the Lilli fornity of the universe^ Consider an imaginary 
ho 3 < whose corners ate Jocated on, and movt alang with, a set 
of the particles (wh^ch wer identify with galaxies) - The Vol ¬ 
ume of the box varies with time as Photons will cross 

each face of the box in both direct ions p bat om if 

the universe Is to remain uniform, the natahor entering the box 
must equal the number leavings Therefore the number o£ pho¬ 
tons in the box renmins constant fapart from interactions with 
matter 1 ji the box), atid the fiumher density therefare varies atg 
l/R^^ The foregoing applies to the background radUtiorLp 
which has not interacted significantly with matter since very 
early times, rather than to radiation emitted by stars► 

fiqn (U6) points to a distinction between two stages in 
the history of the universe. At present the density of Tnatter 
is much greater than that of radiRtioni 0 ^ and sO' from 

eqns [1^51 and n»6) 


C ^ p * constant (Batter-dominated era), (lit) 

ffl 

Xa one goes back in time the ratio 0 / 0 ^ increases - the mean 
energy and temporature of the background radiation increases* 
Eventually a time is reached before which th# radiation density 
was mach greater than that of matter; p f m 

■C Pp “ 1/ff [radiatlor-dominated era) ^ tl*^) 
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Tht matt€r~^ominatad aj^a. covers most of the past history 
q£ the universe and is the subject of all but Chapter 9 of 
this book^ In it eqn (1.4) holds with C constant» and one can 
differentiate to find the rata of acceleration of the expan- 
Sion: 


0 - ZSS * C R/R^, i.e, S - ~G/ZR^. fl.lO) 

Evidantly the expansion is sloiflng down, A dinensionless 
measure of the rate of slowing down is the deceleration pars* 
meter q {see Section 4,^)^ defined by 

q - -as/if^ = C/2Rp; - C/2Sif. 

Substituting this expression for ff into eqn (1.4] gives an 
alternative form of the ener^ equation: 

S ” AlC/Zfiq - C/Rl * - IK 

This result in conjunction with [1,4) ia quite informa¬ 
tive for it Shows that two main cases must be dlstiniuished. 

If q^h the total energy la negative; the gravltational poten¬ 
tial energy dominates the kinetic energy and there is enough 
mass to cause the System to t stop expanding and ta contracts 
One can see this from since if B is negative 

becomes rero at b finite value of R, If the total 

energy is positive or Kero, tn these cases there is not 
enough mass present to force a contraction; is not zero for 
any finite H, and the system expands indefinitely. The future 
of the universe for this simple model is essentially deter¬ 
mined hy the present value of q (see also Section and 

its observational neasurement is therefore an important task 
for Bstronomers. Some problems of observation are discussed 
in Chapt«r 11, 

The padiutien-domiHtttai} era lasts for a tine of the order 
of half a millioii years (see Table l.Z), In it the function fl 
is so amatl that AC/a>E, and so eqns (1.4), (l.S), (1.6] imply 
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R ? l/ff. ’ constant t 

fljid^ EatasuTing tiii# t ffoni the at which R is lero, 

y? = , 7^^ 1/^? 

Thus the uTiiverse cools rapidly ftoti initially Very hi|h tein- 
perntures when the main constityents of the universe are 
believed to be leptons though bftryona inust also he present 
[see Table 1*1). As It cools „ more corsplicatod structures 
beconie stable; first hydrogen and its Isotopes deuterium and 
tritium, then hcllLmi and the heavier elements. Later galaxies 
and Stars are formed. This is illListrated in Table li£* 

The abundances of the elements deduced from Various big- 
bang models can htt compared with those observed in meteorites, 
noon rocks and on Earth* end hence act as e check on the 
modeli. Of course those elements are of special Interest 
which are believ-pd to have been manufactured -only in the era 
of cosmological nucleosynthesis (and not later in stars), 
notably helium and deiiteriuin. The abundance of the latter 
provides a particularly important constraint on the cosmologi¬ 
cal models. I^pr if the universe was too dense at the key 
time, the deuterium wotild have been converted into helium so 
efficiently ss to lead to too low & rfeuteTium sbundance. 

Hence for the big-bang nucleosynthesis to manufacture enough 
deuterium, it is neeassary for the density of matter In the 
universe to be low enough. If deuterium can he made in 
supernovae, as has been envisaged recently th® constraint 

it provides on model universes would of course be relaxed, 

The radiation from the early universe should by nnw have 
expanded to such an extent that its temperature haa dropped 
to as low as about 3 K. This is believed to be precisely the 
microwave background radiation which has been detected 
recently [see Section I-JJ. 

Most of the elements in the universe are believfld to have 
also been made In the course of thermonuclear reactions in the 
stars, and this ptallor nucleosynthesis must he added to the 
Off Cool nucleosynthesis. The stellar processes seem to 
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They CM bf creaCBd [of deitroy^d) eml^ if an apprpprlAte antipasH^iaL* 
is simultBJlttWlsJy created [or dfrfttlfoyod). For th* rtf^ulrdil u 

decays to « proton AH oloctrOn e‘ and mu Mtiuieutrlita v: TT^-*^*y; 
this cosaoryos tho nunbeT of bar/ooa (cHEi b-pfore aiid nfttrr]i asd creates 
a lepton-Anri lepton pair; e^+5j part id ns bt^ coomted poilttvo^ anti- 
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Fart€cle^ ope ekEirri^& irttdrafftijcw 

l.B. thflir flTB TeqjutrBct to CBiTfy forcoft between pprtlclaj; th^ ma^ lUo 
«?ci£t on theiT wnp 

Th^iT TiuinbEr Is not eonstatitt they My be tToated (of deatroyod] In 
Intemctians. 

.^L- 

For eu^lo^ photons cnn be emitted Iqt ah^crrbedl- hy Atotnet the nirt^er 
of photons does not reiMln constimt. 


They Are all boasns. 
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Neutrlnoa 
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Ufiphyitical 


Hot widier^tood 
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present 
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Element nyntheiis fMinly 4H -* 

complete, ending the period of coa- 
molojiical nucleoityntheili 
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b/pass deutarium, btryiliuis, and boron* But yet 

other Toecihanisiiis- exists notable apallation^ in stellar sur^ 
faces or protoplanets. The existence of these processes 
endows the conipaTisan bfitwean theoretical cosmolosicBlly 
deduced abundmncei and observed ones with soine uncertainty» 
even in the case of deuteriiiin* 

A rough quantitative estiiaate of the abundance of helium 
by mass to be expected on theoretical grounds can be obtained 
by the following three-step arguinent. 

fa] Suppose nucleosynthesis comnenced at a univcTse tempera¬ 
ture and that the universe then cantaified h neutrons 
and p protons. Because^ of the high tompereture these 
are largely unbound, if all neutrons go^ to form noririal 
hetimti (*He) nuclei^ n/Z such nuclei are formed, since 
each nucleon requires two protons and two neutrons,and 
we assune p^n. The abundance in terms of mass, and 
neglecting the neutron^proton mass difference^ is then 


4fn/2) , 2 tt/p 

n * p I * ^/p" 


£b) To determine the ratio n/p, denote the neutron and proton 
masses by end and assume that at temperotures of 

the order they are in equilibrium according to a 

Boltzmann distribution: 


1 . „pr. . ..j 

^ L kT^ L 

We have used fm 


-I ,194 


D,862 * 10’^“ Tt 


fcl 


stant ^ 

To estimate 


^ 1/ i U NH A 1 V * 1^ 

- “ 1.294 Mev. Boltiltifttln'5 «n- 

10-1'* Mev 

observe that neutron-proton transforma¬ 
tions require the presence of electrons and positrons and 
their presence is therefore needed If the thermal equl- 


■f 

Spallation Is tJie elect ion of nuaiorciLs nuq] oar fragBant^ froa a nucleui^ 
when it It hit by enarsEtic partu^^s or othej objects. This can happen, 
for cKSjnple, In coanlc my procBss-c^, as a reault of ahoek wikves^i tn 
supornovaei Sn nucl eo^ynthts it, and in ochor pxDcosses, 
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lithTiuni HssuiDption is to bfl ir^lldp Their rest misses axe 
af order O.Sll Mev so that their pair cTeation is pos¬ 
sible It universe tempeTetttfes in excess of fcf ^ 1 Mev. 

We shall take this value as in hence, 

^ -- 1.16 " K 

O.B62 * 10'^" Mbv 

~ - exp(-1.294) - 0,274 
*He Bbundsnee ” | 0,43. 


The last quantity depends quite critically on the value 
of as shoi^n in 1*3* This alau shows that the esti- 

Bate of 43 per cent ia much too hifih- Theories incorporating 
much more data about nuclear reactions give lower estimates 
closer to the empirical 25 per cent. 


J 

r- 

Hdjym 

by rtlai4 sixordinl to 

05' 

- 

Mittplc modd 

L! ^ 

- 


l>5 

^^Apprujtimdic OTifimcTs 

o: 

- 

otwn'Cu immuance 

fi-i 







hnefgy of ctectron 
+pdHiROii rml masi 


!>-> '0 > <l‘' U#1 tyi UH ty-i n 3 

in for ik sempcfniufe 7^1 


FIG, 1.2ii Heliupi abundiKicfr hy bus u a fmiction of the typical encTEy 
of photen* when nucleosynthesis la in progress*- 

Thff que&tlon of the matter density of the universe is 
discussed In Section 6.2,3 and return to the deuterium 
prablem briefly in Section 6.2.4. For 'stage P discussions 
of nucleosynthesis the following infly be consulted: 

J.H, Gott, J.E. <1unftf D.N, 5chrenm. nnil b.M. Tinsley, 
Kill tbe universe expand forever? ,(wsi»., 
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March 197^* 

Pssachoff and hf.A, Fowler. Oeuterlum iji thr uni¬ 
verse, ibid*. May 1374^ 

Chiu. The cvolutioTi of the universe. S&i^noe 
^Gurnal^ August I§6a. 

The books mentioned In Section 1.1 give more eafberiineTitnl 
details which we have no space to diacus$ adequately here> 
though wc obtain so*e quantitative estimates of the Cempora- 
tura in equation f9*e4], below. 

We now turn to o preliailnsry diacusaion of various types 
of models. The value of q determines the type of universa* 
es has been noted above, The tine-scale of the expansion is 
set by the value of The present values of these two quan¬ 

tities have to be known in order to determine which of the 
simplest models of the universe are good approximations to 
the real universe. Of course more Camplicnted nodeJs require 
more parMeters, but it is a remarkablb fact that the simpler 
models which require only values of H and q are surprisingly 
good. These Friedmanti models are studied in Chapter 5, We 
include In this category models with a non^^era cosmalogiciLl 
constant * Their description is also simplop though one 
now has the value of X as an additional parameter. The 
steady-^atate model is also discussed at various paints [e*g^ 
■Chapter B], Although this is an expanding model, it does not 
at present furnish in a nature! way two characteristics of 
the big-bang type models; fa] the reasonable abundances of 
deuterium, holimn. and llThium fthough more work is needed or 
hig-bang model* in this connection); and fb) the microwave 
background radiation. That is why the steady^statB model is 
not currently popular. However, in this hook we seek to stand 
apart from what one may regard as temporaiy populsrity, and 
concentrate on reasonably pormaneTit features of cosmology. 

The steady-state model is one of these features. Kot dis¬ 
cussed here are the anisotropic or Inhonogeneous models; 
though they have their own ttiterest, they are not suitable for 
a stage n discufislon. 

Having settled on the Friedmann models, It is clear that 
the present value of q can be obtained fromi red-shift measure- 
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meftts on Vflry distant sdutcbs. Those are faint and the 
accuracy which can be nttalned is not yet very hlfh* The 
deteraiifiation of the firesent vrIup, of ff depends on the 

distances □£ galaxies; this is e com^nllcated natter^ dis¬ 
cussed ill Section iO^a^ and there is also tincertainty in this 
valk^e, 

It has already been noted that the VHLtibble time' 

t is normally larger than the tljne since the hig bang, 
so that this age must certainly he larger than the ages of 
other items in the inventory of the universe. This actually 
leads to the possibility of b sHght overlap between the 
smaller s„-valuB 5 and the larger age values of^ ^av* the ploh- 

H I n 

ular cluster stars fl.4 “ 10 years]» On the whole, howeveri 
there is no discrepancy. Other experimentally accessible 
information includes deterflitnatiarts of the mass density [see 
Section 5,2], angular diameters and number counts [see Sec¬ 
tions 11.3 and 11.0]* 

1-S. THE REUTICM OF COSMOLOGY TO OTHER SUBJECTS 
The wide sweep of cosmology hap made it a subject of interest 
to people in all walks Of life who seek an understanding of 
the universe in which we live* It is therefore of great 
philosophical importance- It has also many interactions with 
Other hranches of science since the history of the universe 
eitcowpasses, when interpreted strictly^ the geology of the 
solar system I the origin of life^ and the developineTit of 

ttt3 ^ ^ 

In connection with the theory of elementary particles, it 
is believed that if qtiarics are their fundamental constituents* 
then ane would expect some to have survived from the early 
universe* just as the microwave backgroilTid is believed to be 
a relic of the radiation of the hot early universe^ Indeed 
It has been estimated that the abundance of quarks now, if 
they exist* should be comparable to that of gold atoms» So 
one wants to know why they secin to be much raror^ What pro¬ 
cess has TBBOved them? Or do they not exist? 

In geology one Is deeply interested in the question of a 
possible time dependenGe of Newton *s gravitational constant fJ, 
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This ia a theme tauten up quite briefIjr in Section K2 and 
Appendix E* Jn fact the jjencrai theory^ of relativity treats 
U as a eenstant^ and the theory lists to be modified to allow 
for variable 5 [7^81- The same applies to jaewtonian cosmology 
f9|. If ff decreases with time, the rsdiui of the Earth ha^ 
increa-sedi it has been suggested that this may be responsible 
for the formation of tho deep hesiTis which represent the 
Atlantic oceanp and there would of cour&e be many other ton- 
sequences, Most notably p the brighttiess of the Sun would have 
been much greater in the past^ since it is gravitatlonal com- 
prosston which heats the cores of ^tars to the temperatures 
needed for nuclear fusion^ Therefore* an increased value of 
a implies higher central temperature and so a greater rate of 
fusionn This implleB further that the surface temperature of 
the Earth was higher in the past by an amount which^ at least 
in the Dirac theory, may ho in conflict with the fossil 
records flO], The ages of the Earth, the rocks, and metcoT- 
ites also represent lower limits for the time which has 
elapsed since the big hang. 

The cosmologicaliy deduced abundances of the elements 
have already heou noted and observed abundances aro oasessed 
by various methods in geocbewistry^ There U therefore here 
another link between the sciences and co-'^mology* 

The existence of life here and possibly elsewhere in the 
universe depends on the format ion of planets and their atmos- 
phereSp This also depends on the details of cosmological 
evolution. 

Is the universe finite or Infinite? Cosmology can In 
principle decide this ancient quest!an, aince according to 
general teUtivity space is finite* for the simple models of 
section 1*4, if and only If > if. 

Finally, in history and philosophy the cosmological con¬ 
siderations of the stfilic universe by the Greeks and in JJew- 
tonian physics have long been of interest^ The cosmologies of 
the twentieth century throw a new light op these ideas^ which 
enables one to reassesf their underlying as sumptions. 
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la, THE HUBBLE LAW fkHTJ THE EXISTEMCE OF A SCALE FACTOR 
The implications of th& gAlactic Ted-shifts observed by 
Hubble in and by nany others sinceg will now be discus^ 

5^ in more details For thifi purpose it will be assuaied that 
Hubble law is valid at all times» not only at the present 
tine; 


i?Cf) - . [2.1) 

Thia will be justified in Section S*3, 

Since the speed of recession u is the rate □£ change of 
the distance One finds 


dr>/de * 


Therefore 


I dr/r -J N dtj 


The suffljt 0 will normally indicate values ftt the present time 
t - find^ 


In r In + 1 fi dt 




or 


riCt) * Pp ^ ^ (2,2) 


This aTgument assumes that the Hubble law is valid at all 
times between and t with ii the sane for all gals^tle^ at a 
given timcp though possibly varying with tingp Thus the expo¬ 
nential factor in 0(tn {1-2} is also the same for all galaxies* 
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It can he considered a universal scale factor in the sense 
that as one goes from time to t all intergaiactic distances 
increase by this fnccgr. It is usually denoted by S(tJ» so 
that for all galaicies 

r{t} “ fi(tl ■ eiEp(| dfj, {J,3} 

^0 

Assutafng no transverse motions of galajtlQs, the directioti of 
the line □£ sight froB an observer 0 to a galsKy remains 
unchanged in time, The vector equation corresponding to 
is then 


T(ti = RMt^ fZ,4] 

where T[t>, r^ are the position vectors of the galaxy under 
consideration, relative to 0, at times c and 

A note on observational aspects of the Hubble law is 
needed here. l£ a galaxy i$ observed by light which it emit¬ 
ted at a tine its observed velocity and distance 

“"obs observer will he related hy the Hubble paramecer 

for time **ohs* light is observed at the 

later time assuming classical light propagp- 

tloni. Thus simultaneous observations at of galaxies at 
different distances r . will relate to different ealssion 

OD 5 

tinicK with apprcipriat« values ef the Hubble parameter. 

The Hubble law [2.1) can therefore be restated in terms which 
make explicit allowance for the tinte taken by light to propa¬ 
gate: 


’'ab* ‘ "t'e! '•abs- 
‘'□bs ‘ 

(2^So) Is & general result, and tho photon travel time 
is in general relativity determined by model^dependent equa¬ 
tions such as (11,00)to (11,02) given below with r . denoted 
by r* In claasical theory and special relativity [2+56) holds 
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for all COaiTiDlogical models, and is illLisrrftted in Fig- 2wlw 



FIG. 2*1^ Valocity^dlitaiica diigrivs lor varioiis cOsmolojiCBl modeii 
Cclusical and sp«itl relstlvistic liiwrlas of light propng^tiofn], 

{a) ^ * -1- Steady-state modeli Eqn £2.10) has been used ii?Uh 

treated as a constant* (b) ^ =* 0. Hilne mndel based cm (2.12). 

[c) ^ Elnsteln-de SlttOT model based cfh In special relativ¬ 

istic cues the carves terminate at * At ladicating a ^horiion* t, see 
oqn [101 SO >- 

Note that in some poptalar e^pcsitlf^n^ [1] ^ curves with 
^ ■ -*l are tncoreclly slid to refer to aodejs with saro de- 
celeTation parameter^ 

Some later equations In this chapter arc derived from 
(2.5h] and are therofore not valid In general relativity* 

Tahl« gives the range of validity of all equations used In 
this chapter p 

In Table 2,1 / indicates equations that ere valid, * 
equations that are invalid, and I correct equations obtalnahlt 
by use of a nodel-dependent light propagation time derivable 
from I] indicates that eqn {2*17] has to he replaced 

by Cl0,3Z]; the correct version of {2«ZS] is not needed here 
because the Elnstein-de Sitter model Is not discussed in this 
book for apocial relativity. 

The first row of Table 2^1 contains results which are 
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of Ttalidity af eq'jatiom mfid in Chnpte^ ^ 


3 i 0 


E^juntion 


Theorlesi of llgtit prapag^timi 


Cluslul 


Spectftl GienerAl 

relativistic Telatlvlstlc 


2.1, 2 , 3, 4, 6, 7, B, 9, 10, 

n, 12, 13, 10, 18, 19, 20, 21 , 

22 

/ 

/ 

/ 

2,3fi. 14, 15, 23, 24 

/ 

/ 

M i 

2,17, 25 


X H 

X a 


independent af li^ht pre^pagatiting either because thBy do not 
refer to Dbserved quantities or# in the caae of eqna (2+fl] end 
f2-§), because they refer to the steady-state Bodel In which 
an parameters are independent of time. 

The second rew contains results derived from eqn (E*S^J 
and therefore not valid in seneral relativity, The third row 
contains results derived from with the addltionnt 

asaumption of an Ebaolute time scnle» and therefore valid 
only in e completely Newtonian contexts 

It follows from eqn f2*S) that as Due observes more and 
more distant galaxies the Inferrod Hubble parameter changes« 
since one is observing earlleT states of the universe.^ The 
simpler equation (2.1) results front a more ^god-like" view of 
the universe In which one imagines the positions and veloci¬ 
ties of galaxies to be somehow known at the same time for nil 
galaxies^ It would be possible to distinguish tn our notation 
between the two types of equation, but this causes increased 
complication. We have chosen in^t^ad simply to remark that 
in sections dealing primarLly with observed quantities, inclu¬ 
ding Sections 2.4 to 2,6 and all of Chapters 10 and 11, sym¬ 
bol s such 33 V and r normally denote the observed values of 
these quantities as in [2^S)| while the discussion of cosmolo¬ 
gical models in Chapters 4 to 9 presumes the ^god-like* view 
of eqn (IpIJ, 

It also follows froH eqn (2,5) that the ratio of observed 
velocity to observed distance does not tn general equal 
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«X[:ept in the linlt of very close objects^ cm Indeed be 
defined forir^ally bs 



This result is valid in special stid general relativity 

since the light travel-time approaches rero for nearby objects 
in All these theories. 

One important way of describing a cosmological model is 
to give the scale factor R{t} as & ftinction of timee This Is 
dune^ and somo pons itle Inferences from it are discussed, in 
Sections J*4 to 7,6 for three of the simpler models^ after 
discussion of some more general Aspects of cosmology in Sec* 
lions 2.1 and 7,3« 

2,2- THE COSMOLOGICAL PRINCIPLE Am ITS RELATION TO THE HUBBLE 
LAN 

At Several periods in the history of cosmology it has been 
thought that some object was uniquely qualified to be consi¬ 
dered the centre of the Universe, The Earth, the Sun^ and our 
own QSLl^Ky have each been in this situation, and have later 
been shown not to be unique — the Earth is one of several 
planets t the Sun one of many stars p the Gala^ry one of many 
galaxies. As b result modern cosmologists have come to take 
as an axiom that object is in such a privileged position. 
This axiom is known as the Cosmalogico1 Principle, and may he 
foriaulated as follows: 

The large scale appearance of the universe is the sane at 
a given time for all observers located in, and moving 
with, galaxies. 

The phrase ‘larg# scale' allows for possible local variations - 
for Instance I. one galaxy may happen to be much the l argest in 
its iTTimedlate neighbourhood, but the principle is not violated 
provided equally large or larger galaxies exist at greater 
distances. The restriction to observers moving with galaxies 
is necessary because an observer temporarily located in, but 
net moving with^ a galaxy would see other galaxies as having 
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transverse velocities, and se would not agree with eqn 12.4J 
above- 

The Cosmchlogical ^ririGiple as here foroiulated Implies 
that the BiJiiiJerf# wo naiquiif csntpti^ The converse, how¬ 
ever ^ is not true. One can imagine b universe which has no 
centre but which violates the principle - for instance, one 
in which the average siie of galascies incresses steadily as 
one proceeds in a fi«d direction. In facti the available 
Bvidefice supports the principle by showing that the properties 
of galaxies, and the number of (galaxies per unit voltiiiie. do 
not vary with posit ion in space out to very great distances 
from Earth K Thus the universe, on a large scale, appears to- 
be vnif&^m in space — there are no preferred locations^ The 
evidence also suggests that there are no strongly preferred 
direct ions in space, i-e. that the universe is broBdly feo- 
iropio. For instance^ the Hubble parameter has roughly the 
same value for all galaxies, in whatever part of the aky, and 
the microwave background radiation comes with equal intensity 
from all directions In space. 

The question now arises whether the Hubble law is con¬ 
sistent with the cosmological principle. More specifically. 

If the relation (2.4] Is correct for an observer 0, will it 
also be correct for observers In all other galaKles* That 
^he answer is 'yes* can bo shown ns follows. 

Fig- 2.2 shows the positions at times and of three 
observers 0, A, b according to 0. 0 considers himaelf to be 

at rest and assigns position vactors and r^tt) to A and 

a at any time t. Applying eqn (2.3) he concludes that 



FIG. 1-2- Pasltioii5 of thTftfl observers 0, A, & at liiiDS and accord' 

lag to O. 
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TgCtjJ • 


SCtjjT 

^Ct3)r 


AO* 

SO' 


S,1 

(2.7) 


rt follows [i) that OA^ and 0^^ a« ccalinear^ bs are 0 ^^ and 
OBj (this has been assumed In drawitig the figurb) ^ amid 
til) that OAj/OA^ - ThB triangles 

OA^Eji OA-,B^ ate therefoTe siTnilaT^ Thus, considering the 
triangle foriacd by the three obsorvera at different tines* O 
will agree with the follDwing statenents 

S: In view of Hubblelaw* any triangle defined by three 
galaxies has the following fhroperties; its angles, and 
its orientation in Space, are constant in tinie^ while Its 
linear size ia proportional to * 

Now the statement S does not single out any one corner of 
the triangle. Thus if one of the other observers* A for 
instance* applies the Hubble law based an his own position* be 
must necessarily arrive at the saute statement Conversely 
S implies thet each observer will see the motion of the other 
two B 5 consistent with the Hubble law 5 that is* the dfjraetfon.* 
of (for instance} 0 and B as seer from ^ are constant* while 
the are proportional to S[fl. The positions from 

A's point of view are shown in Fig- 2^3. There id now a set 
of Implications, 

Hubble law for one observer * S * Hubble law for any 
other observer, showing that the Hubhle law is ln^iartial 
between observers* as required. 



Piq, 2.J, Ptt&itiDns of three ebserrers 0* A. H at times and accord- 
Lng to Ai 
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The Hubbit ia.u has i mjrl lent ions for the urtifortniiy 

of the universe, Considor a set of galajcies. At anjr instant 
the set can be considered as occupyinj^ a polyhedral voluitid of 
space, and the lot^ation of each galaxy relative to the otbef=i 
can be fixed hy irlingulation^ i.e, by specifying the dimen¬ 
sions and angles of the triangles heving naired galaxies at 
their corners. The statenaent S above will apply to each 
triangle, and therefore to the entire polyhedron. Thus the 
volutne of the polyhedron will vnry with time as and 

so the number density (number per unit volume] of the set of 
galaxies will vary as Now fl|tj is a universal func¬ 

tion of time, independent of position In space. If* there- 
fore^ the nmsiber density of galaxies is uniform in space at 
any one it will be uniform in space Bt all other times, 

whether they be earlier or later^ The only sssuinption made 
here is Hubble's law* which enters the argument via statment 
S, The situation can be summarised by sayitig that, if one Is 
only interested In the posit tons^ and velocities of gelaxies* 
and if the cosmaloglcal principlir is known to have been true 
at one instant in time* the Mubbie law implies that the prin¬ 
ciple Is true at all times. 

It is natural to consider the converse question — does the 
validity of the cosmological principle at all times imply the 
Hubble law? A mathematical discussion of this Is complex, but 
SOQQO conclusions can be reached fairly easily In two steps. 

(a] r-.adial Consider first a universe in 

which the motions of galaxiei relative to an observer ore 
along the line of sight* but with speeds not pToportlonBl to 
distance* Then eqn (1^-1] is valid* but H will be different 
for dlffereTit galaxios; cdfisoquent 1 y eqn f2-3] is valid for 
any one galaxy* but S{t3 is different for different galaxies. 

It follows that the volumes enclosed by different sets of 
galaxies will no longer vary with time in the sumc mnnneT for 
all sets of galaxies, therefore the number denj^ity of galax¬ 
ies, even if It is initially uniform, cennot reirain so, and 
Che GosmologlCBi principle must fail* The failure of Hubble's 
law thus implies fsilure of the cosmological printriple* this 
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is logically equWalent to thi? st^tcweot th^it tine cosmolo^- 
chI principle iirrplles Htibble^s law* 

[b) mat^arL^ The motiM of any galaxy esn in general 

be rogardied aa the tfeetor sum of a radial and a transvetse 
velocity. Now it is impossitle to assign transverse veloiri- 
ties to every galaxy in any systemstic manner without singling 
out SOTTIO direction in spate^ For instance if the vector sum 
of the transverse velocities of all gmlnxies (within some 
limiting distance) is non^iero^ tbe direction of this vector 
is evidently unique as there in a general aotion of all galax¬ 
ies in this direction. If, on the other hand* this vector wr 
aero, the notion of the galaxies baa the general character of 
a rotation^ uind the sum of the iingular mometitLim vectors again 
defines a unique direction. A model he contrived in which 

the sura of the angular Hiomentum vectors over the whole sky is 
tero^ for instance by having generally clocl^wi^e notion in 
two quadrants Of celestial latitude and generally anticlock¬ 
wise in the reotaining two quadrants. Such a model p apart 
from its oxtreme art ifitlality, singles out several diroctions 
in space [tht planes dividing the quadrants). We conclude 
therefore that In a uriverso which is leotropfe* i*?- has no 
preferred directions in space* there can be no systematic 
transverse motions of galaxies- The mot ions fare the re forts 
radial and the argument of paragraph {a) above cart be applied^ 
This gives an overall conclusion: 

// eftif Lcntufleae ia at all and n&t’ga tit# 

prfnrsfpl# at all than Hubbt^^s ie 

•Jalid at all timfs. 

It should be noted that nothing in the:&e arguments fixes 
the of the Hubble pnramoter I?* In foct s uniform and 

isotropic universe carip at a particular time* be either expan¬ 
ding Cfl>0)* stationary = 0) or contracting [^?<CK I’he 
evidence of the red-shifts shows that our universe is nt pre¬ 
sent eJEpanding* but in somp models [see Chapters 6 and 7J 
there- will he a contTseting phase with red-shifts replaced by 
hlu{?-shi fts. 
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2.3. J30BS THH COSf^OLDCICAL PRJNCTPLE REQUIRE AU tNPlNlTE 

The co^isnolDgical principle iinplles that the universe ha? rifl 
edge, since an observer at the edge would! see a ver^^ nan- 
uni form ujiiversfi^ This would seem to imply in Newtonian 
physics that the universe must he infinite^ since all of 
infinite space mi^x be miiforinly filli-d with galaxies. The 
resulting picture of nn infintte sot of gravitatlortalJy 
interacting galaxies led to problems of the kind discu^s^nd in 
Section S.3, Jn general relativity* by contrasty space is 
curved hy the presence of matter, and in some models the 
total voluiJTie of space Is finite* This can be visual Jjedp by 
analogy^ follows. Consider the surface of a sphere as a 
twa-dlmensionil curved 'spaced This 'spice' lias a finite 
extent so that it can be uniformly covered or 'filled^ by a 
finite amount of two-dimensional mntter. If this is done* the 
resulting 'universe* has no edges, and every point in it is 
physically identical to every other point. A being Uving Ir 
the surface would therefore perceive his 'universe’ ss satis¬ 
fying a cosmological principle^ although its total 'volume’ 
is finite. 

By a slight modification the casmologicfll principle can 
he made compatible with a finite universe without resorting 
to curved space* One can do this by assuninE that the range 
of vision of each observer is much smaller than the dimensions 
of a finite univci'se- Then all observers at a distance from 
the edge of the universe greater than the rarise vision will 
SBO Assent inlly tho some picture * and these abservers will far 
outnumber those nearer the edge* The appropriate 'modified 
coSTnological principle' is one in which the phrase 'all 
observers’^ is replaced by ^aliwast ail observers’. In this 
sense the ffinite) taodels Considered in Chapters 4 zq S are 
consistent with a cosnological principle* 

BeforPj say, 1^50^ whCTi experimental evidence bearing on 
cosmology was still comparatively scarce and Inaccurate, the 
CQSBiolOEical principle was of great value. It was used am ^n 
important constraint on possible models* pne tried to (feeive 
models of the universe from this and other principles. This 
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rtci longer a desirable precedure in vleh- of the Increased 
experimental evidence relevant to cosmology which is now 
avTiliable. For this reasoii no Httompt at such a derivation of 
a model Is made- here. To pat It diFferently, since 
njunml is IncreaslPily Umiting our tsTiorance, we no 

longer need the to do so. 

l.A. THE STEADY-STATE MODEL IH HBWTONIAJ^ COSMOLOGY 
The siiT^jlest cosinological models are generally obtained by 
applyinj! some prio^ri principle tfl limit the Variety of poi’^ 
Bible universes* The steady-state nodelp first proposed in 
1945 12^3] can be derived from the M-called p^rftat eogmoldj- 
^ic^al pj*£rtt?-^p2tf which requires that the Large-scale appearance 
of the universe be the same for observers at all times and at 
a]1 places. For instance, the sverage density of matter on 
tho large scale must not only be uni fora in space^ as required 
by the cosmological principle of Section 2*2 above^ but also 
constant in ttiiie. Since, according to the Kubble law, all 
presently existing galaxies are movlTig apart, new matter must 
he created in the space between galaxies in order ultimately 
to form new galaxies to replace those which leave any fiKcd 
volume of Bpece* The rate of crest ion needed is estremely low 
on th^ terrestrial icale, as discussed in Section S.2, and 
would not be detectable by present exporlmontal techniques- 

The steady-state model has a number of distinctive 
features. StflOe it has no Initial dense stistOj it cannot be 
fai sifted If the age of the Earth or astronomical abject 

Is longer than the Hubble tine This can bo taken to be 

an advajttage or disadvantage according to one's view of scien- 
tlific theory in general. Also the origin of mutter does not 
take place only in an inaccessibly remote past but continues 
Bt the nresent time where it can in principle be studied 
directly i The interest of the model in the present context is 
that it provides a very simple framework in which to illus¬ 
trate the calculation of Some observed quantities. 

The results needed are straightforward* Firstly the 
Hubble pftr^meter+ being a iarge-Bcsle property of the universe, 
must be constant in time, so that the observed Hubble law 
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contains S as a true coastajii* equal to its present value S^: 

V ■ 5i*S r * ^/W =■ C^*S) 

Secondly the number density of ^alnscies Bust be tonstant in 
space and tieie* so thet^ present density, 

- iTq for all p and t, (Z.t} 

Finally, the scale factor can be calculated froiH ^qns [2*2) 
and [2-3}, and since S U constant we find 

5(t] - exp{J?(t-t^jl>* [2.10) 

This is a first example of a possible tlTiie dependence of a 
scale factor and will be used in Giapter 11 to derive rela¬ 
tions between: observable quantities which can then be used to 
test the validity of the steady-state model* 

Although the abave cansideration has been Newtonian, eqns 
C2-t) nnd [2*1C3 are valid alao in special and general relati¬ 
vity since they do not depend on a theory of light propagation* 

2.S. THE MILNE MODEL IH NEWTONIAN COSMOLOGY 

, S' 

This models like the steady-mtate model, derives from an d 

assumption: the motions of galaxies must be such that 
observers in different galaxies can agree on a universal 
schene of time neaaurement by interchanging light signals* 

Milne [4] showed, and we shall not attempt to prove it bere^ 
that in an expanding universe thtstassumptlon implies not only 
the HubbLo law (2*1) but also that the velocity of each gelaxy 
is cunatant in time^ The main features of the model can 
easily be deduced from this fact* 

Consider a part icuiar ge.la:^y which ha s a cum tent speed 
of recession tf, The equation of motion dr/di " i? integrates 
to r ■ d+ut* It is natural to choose the tero of time so that 
the integration constant A Is £erOp and then 

eft) ^ = rfiy) * 


[2*113 
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Comparison with eqn (Z.3] gives the faotpf as 


?3 


SftJ - (2az> 

The Hubble parameter is found by CQJnparing eqn (2,11} with 
(Z- IJ: 




Thus the Hubble paraneter is thfinite at the time £ * Dp i?hich 
marks the Initia: 'big bang* since? all distaruies are lero &t 
that tine, and de^rreoses with tine thereafter; also the Hubble 
time is equal to the present age of the universi 
The relation between phaarned velocity M and 
distsnce r of a galnicy can be found from eqns [3,5) and (2i.l3)^ 


- j ' 




or, re-artanglnjlt 


Iff,. 


H 

TT'*W 


[ 3.143 


a,IS) 


The nmaber densiti^ of gBlaxle^ cafi ba calculated using 
the fact that, as noted in Saetton Z.3 above, the volume 
occupied by a representative set of galaxies at time t varies 
B 5 (S[t)>^ and the number density therefore varies as tffCtJJ 
l^us if if It) ia the number density at time t and 
the present number density, 

li 


-J 








a.lb) 


Since by cqn f2,3l ^O^i) =* I- equation is valid for all 

models in which galaxies are not creatEdi feacept near the 
start of the exp^tnsioo}, lo the present case, is given 

by eqn (2.12), and so 
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FinalIjr, If ne con^iilrr onJy jralssies observed at distance r 
vv have, as In cqh t2*5)i that t ■= and the coinrespond- 

lug number donait^r is 



Kere eq^n (2.13) is used to replace by , flince in I’eneral 
Is an Qbservable quantity Mfhile is noi* 

2,6. KINHHATtC Am DYNAMIC MODELSt THE E1N5TE1N-DE SITTER 

MODEL IN NEWTONIAN CMWOLDCV 

The two models jiist discussed can he considoTed kinematic 
wdelSii in the sense that they specify the in<5f:iijTi of galaities, 
in accordance with some pr<on‘ ^ssuinptlan, without in the 
first place enquiring Into the forces which determine the 
motion- The tifodels discussed in Chapters & to of this book, 
on the other hand, ore dynamia models^ in which the forces 
acting: on are assumed to he known and the resulting 

motions are discussed in terms of Newtonian or relativistic 
dynamics« As will appear later* a wide range of different 
dytiAfliic modela is cansistont with our present knowledge, since 
such □ basic quantity as the mean MSS density of the universe 
is not known accurately. The kinematic models, on the other 
hand, are each compSetely determined once Lbe two parameters 
and are known. Thus the kinematic models offer the 
advantage of hoing Mposod to observational disproof (for 
instance if the predicted dependence of p on r is not real- 
itedj, but havo the considerable disadvantage of not eKplain' 
ing the motions of galaxies in terns of currently accepted 
physics p 

in most of the dynamic- models the scale factor \s e 
rather conplex function of time, but In a much favoured model, 
assaciatod with the names of Einstein and do Sitter* it is 
relatively simpU, This model (Section 6.2.ZJ yic-lds a scale 
factor prnportlanal to The condition * 1 there- 

fore implies that 
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The Hubble pBraiaeter can be found as follows^ If rt^) 

II(t] are the distance and irel^^city of a particuIoT galaxy at 
tine t, then 


»■(*) = 


^ ,2/3,-2/J 
'^0^ *0 


end 


i* ( f J 


dj» 

- arr ■ 




-1/3.-2/5 
^0 




rj.ao] 


Since by definition J£i) ■ eqns [£^19) and 

iiflply 

BM - ^ SU^) = ^ V2.ll) 

d 

^Tid 

“ h»- t2.22) 

Thus the age o£ the tiniveTser is in this model rwe-thirda 
of the Hubble time 

the relation between 
distance f of a galaxy Is 
junction with eqn (2.21): 

V - »(t)r • ll 
or^ fe-arTangingj 


observed velocity u and observed 
again found from eqn f2#Sj in con- 

2r _ 2r 

yftp-"i -757 2 t-VT »77 

2v*j. 

** ' 


(. 2 , 21 ) 


(2,24) 


Finally the nunher density of galaxies at distaace ^ is 
found from eqns and 2.1$!]; 

= «„{SEe,-r/o)}-^ = 

r 


(2.253 
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Jk dctnil^d dlscuii^lOn pf iPine pbscrvat ipiiai predictions 
Of thi^ Jirtd thff two etcher iftadcls discussed is fiiren in Chuptcr 
II after the neceaaary results &f classical optics are devel* 
o|ifd I Elf Chapter iJlp for the present , Fig. lllustrate.s the 
iM In leBtiJTes the three inodelsp 




FlC. i-i*. aMsic propertiei of sew itii|ilc cc^aaltaijlcai a^els. the 
sypO^pi * drriotEi the fermflttcm of ■ fUlaxy^ 


PROBLEMS 

(2.1) Slujw that, in a widdel universe satisfying S(t) 
with a constant, 

^ * a/?. *0 * «*.■„. 

- "" . . V » V I l^" 

4nd lhat emis !2-tS, U. 1?, ?1 , II, U, 2S) «n be ob- 
uiftcd <jn jfoctnl Cl^^c* of These Tesult£. 
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3.1. INTEODUGTIDN 

The only important Iotm k-nown to act at pTEaent between 
gaUicies is the gravitational force of attraction. It can 
therefore be expected to play a doniinant role iJl the dynamical 
behaviour of the universe^ In this chapter we shall therefore 
discuss gravitation. At other times in the -evolution of the 
uftiverse other forces may bo of comparable importance^ notably 
radiation pressure* These will be discussed later. 

Newtonian cosmology l» thus based on the principles of 
classical mechanics and in particular Newtonian gravitational 
theory. For our purposes it suffices, however# to assume the 
tau &f This states that a parti¬ 

cle of nvatter of laass acts on a particle of mss my at a 
position r “ pf *relative to It with m force 

fi . [5.1) 

r* 

The negstivc sign inilcntes thiat the force tends to bring, the 
particles together, and t is a ttnit vector directed from pertl- 
do 1 to particle Z. The constant fi li Newton's gravitational 
constant: 

d ■ 6,67 a It)** dgnos cra^gra" ^ = 6..G7 ’< l[3’*Cna^Bi1i*^a 

- 6.67 - 

The last form is the value of £; in SI units, the dimvniiops 
of § are readily obtained froDi 

It will be ade([Liate for our dlsaisaion of Newtonian cos* 
mologjr to have available anc hey result: 
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A uniform :sph«re 4?f pn&s n and radius J? Bttract:^ a 
particle of fflass iw at distance r frori) its centre with a farce 

fl/jt- (Partidt e^iteTnal to sphere) 

F = P,2) 

(Particle inside the sphere^ 

The first part of the statenant amounts to saying that the 
sphere may be replaced hy a particle of mass M at its centre, 
and that the force on the particle of mass m external tc the 
sphere is then unaltered. The second part is hest written as 

P - -Gmf(*/r^, M* i ( 3 .S> 

It then asserts somethloit analogous to the first part^ except 
that the mass at the centre of the sphere is Theteforc, 

the only moss which is effective in producing an attraction is 
the tivass within a iphere defined by the distance r of the mass 
m from the centrei It will he one object of this chapter to 
establish this result. 

5.2. COJySHnVATU^ FIELDS OF FORCE 

A f^Bld 0f for-c* F(j*) is a force F(j*) defined at all point a t 
in a region of space. t£ a particle acted on by a force moves 
along a curve C drawn lit this region, the field does Riechani- 
cal work 


. I Pfr).dT, (3,4] 

c 

which Will in getieTal depend on the field «nd on the curve. 

For a eehewrUdfrifftf fi«ld a function tf(T) exists such that 

F(r].dT ■ ’Ji/tT} (3-5) 

The sian ia such that tt decreuea when the particle is movinK 
in the direction of the spplied force. Also in noving fr-o. 

Fj to Tj the work dona by the field isr 

f*^Z 

'J dy[T) - fftrp-WfTj). 


tf • 


t3.6) 
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The work done egainst the field ts This 

latter quantity is also the potential energy of a perticle at 
relative to Tj. We note! [a) The work done clearly depends 
only on the end points and not on the path, Ih) In going froBi 

to under the iction of the fields the wart ^ ii posit lire 
if and a particle tends to slide down a poten¬ 

tial energy hill under the action of the field | as shown in 
Fig, a,i. 



f 


¥IQ. 5il. Hfhfln a particle i% moved by » field of force to a pnint oi Icmer 
potential en«rgyp then the work done by the field ia positive^ 

The term * conservative' refers to the possibility af 
defining a function which, is constant in time during; the 
notion of a particle. Thi^ is In fact the total energy of the 
particle, which is thus 'conserved'^ One proves it as follows: 
If ¥ is the velocity of the particle;, then 

P-V = 13.T) 

which is the rate of change of the kinetic energy of a parti- 

cle,. It follows thatj if * is the timep then using eqns f3-S) 
and (3,7)* 

I F^V dt = I P-dT = 

1 I 

Energy conservation follows in the foritt 

) =• j»taj+!/ETj) . 

As an exanplfl of a field Qf con¬ 


sider 
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where i, J are unit vectors parollol to the r and ^ axes^ 
Suppose this field does work on a particle os follows; 

Starting point r • 

Curve traced out * Zjr” [n ta a constant) 
Endpoint: r « (1^2). 


In this case 

F(r).dr - ^ * (dx»d^} * ^ dm* 


Integrating as in eqn (3^*4] yields 


w - 


4 


2it*l 


+ 


Zn _n + 3 

irrr 


a 


_ Zt:'7’+3n+4) 

fM*21fin+ll ’ 


W# see that this yields 11/9 far nI and 9/S far ^ 2^ so 
that the work does depend on the pethp and the field is not 
conservative. 

We now Adopt the inveTse square law of force [3^1} to 
find fsee Pig, S.2) 


F(r].dT - .—i^Cf.dr]. 
r 



PIG* 3*2- the vOrL done hy b field of foTOe P(i") involves the seal fir 

product ^rdr. 

Thus only the project ion of dr on f enters the expression for 
the workii so that for any path only the projection on f is 
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relevutf Thus in the liBit dr -* 0^ F(r)*diT * 

(Fig, 3.2)- In thai Halt, the«for<^t 

r^Z ^3 fltni.Wj fiw.iWj 

«! F{FKdr = * — —-"* ^ ^ 

'i ^ 

Therefore ¥ Is conservative and the appropriate fundisn U may 
he defined hy 


(*)-"GaC^iB.} 

U{^} is usually taken to he mto^ end this Rivea the usual 
expression for the gravitational potential energy (seit Ftp- 
i.ij 


i^{r] ■ -CwrjWi/r. £ 5 -S] 

This expreasion agrees with IntuitlQiil as the particles are 
separated one does work against the field (their mutuel 
attraciionK and if they are allowed to move, they will collide 
and attain their state of least potential energy, which is 
in this case- 



FlCi 3.3. If the gravitational potential energy U{r] of a particle 2 at a 
disttnea F iTom a particle 1 is lero at r * *41 then It is negative at all 
finite values of r, 

3*3. THE CRAVITAXIONAL POTENTIAL 

The potential energy (3-9) of particle 2 in the field of 
particle I deperd^ on the naes of particle 2. Any other 
particle would be acted on hy an analogous force. This iruikes 
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it conveniert to af the itTaYitstiotiaJ potential Vir‘) due 

to particle 1: 


V{t} - 

The potential energy of poptioi^ af m at distsncre f* 

froti particle 1 is then 


i^lr) - V{r}m, 

Thus the potential energy is associated with at least two 
particles^ while the potential can be associated with one 
particle Onlyk 

As an example, suppose a ftravltating spherically symiaetTL- 
cal body is generated by the spherically symmetrical condensa¬ 
tion o£ particles from infinity. Suppose that at soioe given 
stage the body has a radius sa. The gravitational potential at 
all points of its surface has then one and the sane value 
which will be denoted by Imagine that a new thin layer 

□f mass dK(x3 Condenses from infinity on the surface. Its 
potential energy at infinity Is tero, and its potential energy 
In the new position is The change in the potential 

energy of the aystem as a result of this new condensation is 
the same as the work done against the field, which hy tqn 
is 


dw - dl/fx)-d£/C-5 ■ {3.UJ 

This result will be useful later* 

Another important example la discussed next, 

3 , 4 . TH£ POTENTIAL DUt TO A UNiPOftH THIN SPHERTCAL SHELL 
The shell is divided into annuli so that all the mess 
points of a typical annulus A are at a fixed distance « from 
P, as shown in Fig. 5 . 4 . Let the m&ss of the whole shell be 
^4h 0^ k can bo denoted hy The incra- 

mental width■ dw say, of A Is, because of tht rounded nature 
of the surface, larger than the projection^ dx say^ of the 
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vidtll* lo fact tFlg- ^ Sin a, Whert 2a ia th* 

anitle aubtended by A at the centTe D of the shell« This can 
be seen froji FIb- ^i.4 or algebraioelly from 

I • ji CDS ftp djT » -a alii ct da “ -de sin a* 

Here a is the radius of the shell. From Fig. 3.4 



FIG. 3.4. The calculBtlean uf the gravItBtiotial pQcehtlal mtjgy of a 
particle at F due to 4 unlfono thin spherical ^hell of matter of ridlus a 
and centred at 0^ 
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COS a 


-2rx 


and also 


dj? - '(iS/pldBi 


The surface area of A Is 

2Ti{d Bin a3dfl “ =■ +f2no/p)Bda» 


If we muttipl/ this quantity by the MSS per unit area^ 
./4TCa^, we QbtaiTi the mass of the Mtinulns; 


dm 


sh 


lw_ 

^ 4!VJ^ 


t&a 




15?^ 




The potential due to the ■ttraction between a nnss 
m at P and the mass of A is, after integration over all annuli 
A. 




sh 



Gmm 


sh 


1 


da 


3 a 

Idr 



where U, L are the upper and lower linits for b These depend 
on whether P is nn ektemal or an internal point, and are 

1 I U ^ ffr^a)-fp-ij} =■ 2d for an external point P 
L {n-j-) “ Ir for an Interfiel point P 


li follows that the potential energy and the force of 
attraction are 


y 


sll 




a 




£ 


»h 


2 


^external 
point P] 


or 


(internal 
point P] 


(3.U) 


wh^jre F - -A^ {aqn [S-^SJ has been used* A very sirflllnr 

Sn Bn 

result holds for electrostatic; charges, as will now be shown* 
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CoiLSider a t h in Aph^rlcjtl shell of centre 0 ajid radium 
a ttitls constant charge density a * where Is the 

total charge on the shell, let if be 4 point charge of oppo¬ 
site sign placed at 3 paint P such that OP ■ r.^ Then the 
potential energy of the system and the force of attract ion 
P hetwecn charge and shell^ are 

s hi 


sh 



Er 





(external 
point Pi 


(internal 
point P) 


D 


Here e is a Constant which depends on the units employed* and 
it is assumed that the uniformity of the charge distribution 
on the shell- not affected by the Charge at P* polarL- 

^ation effects ar* excluded. If the charges g and are of 
the same sigii the force becomes repulsive and the - sign 
is replaced by the + ^ign. 

The graPitutional pdtafltid^ 
ttowcjf fi^td are readily seen to he 


V 


Bh 


and 


(external point) or {internal point] 

[A.13) 


^sh * {external point) or 0 (internal poiiitH3,14) 

Similarly one can sec that in the electrostatic case the 
potential and the field are 

^sh ■ 

The field is Jierc inside a uniformly charged and a uniform 
gravitating i$.pherical shells 
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3*S* A SET OF COMCENTRtf SPHERICAL SHELLS 

nistinguishing the various shells by a. i, so that 

their radii are - ,ia^-^, we have for titt as to pnal 

point P that the gravitational potentinl energy of, and the 
gravitational force on* a nn^s m at a distance e frota the 

-Ji- 

centre are 


0 

F 



I, 

ali % 


ah 

sh*t 


grwtf 

r 


GmM 



where M is the total nasa of all the shells. 

For an intarnai point, only the shells within the radius 

*11 

r contribute to the force; 


U 


i 


gjTj 

J- 


I 







Liui 


□ . 
1 





This yields the seme result for an external point a$ if the 
total mass M were concentrated at the centre and is indepen^ 
dent of the radii For an internal point the contributing 

mass is 


sh,i 


faay)* 




and for constant density this is 
(3*Z) has therefore been established« 


The result 


3_6 HAHSS^S THEOREM 

Consider now all the points on a fiefUious spherical yurfnre 
S drawn concentrically among the spherical shells, Th* 
accelerations are the same in aagnitude for all points of S; 
the potential energies are also the &anie; so are the gravita- 
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tlona]. acc^lerraticins^ This is id because all these quantities 
dc^erid nnly on the ratllLi^ of the surface One could have 
Itue^aed result without any naiheEiatiqSp for it follows 

from the fact that the physical arrangement af Uni form spheri¬ 
cal shells gives us no way of distinguishing a preferred 
direction; the problem Is Mph 0 j*i&all^ For the 

of these quantities one does need some tnathematlcs» 
Tq formulate these results In a general way, one needs 
the outward flux 0 of gravitational acceleration over a closed 
surface s» A typical incroment of this, d®p is the normal 
outward acceleration a Bultiplied by the increnental area 
through which it acts? ds - a d^ fate Fig, 3^5-1- Then one 



FIG, 3-3* An element 45 of a clospd airfare, and tho ncTmaj Otitirard 
acceleration a* 


form of Gauss's thoorom lsV(wo do not prove it here} 

I d^ - '4nG {total mass Inclosed by S') ^ (S^ISJ 

closed 
surface S 

Kote that dimensionally the left-hand side is * 

The right-hand side is the same: [mJ - 

[^J* Applying the theorem to a spherically sym¬ 
metrical system^ the acceleration has the same value {a^ say} 

F 

at all points on a spherical surface of radius r with its 
centre at the centre of symaetry, Thus GmuBs's thedren yields 
in this case 
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for the left-hand side, and for the right-hand side -4nGM or 
- - Thus 

r 

a - - or ■ f3.T6) 

r* I- 


in agreenent with th^ rnsult^ ^Ir^adf derived^ 


3,7. THf GRAVITATIONAL INTEMCTION OF TWO SPHERICALLT 
SVHHHTRIGAL OBJECTS 

The force Is correct for two interacting particles 

of masses H and a distance r> apart. For extended spheri- 
call>^ Synsnetrical maaaes this result is still ^alld, since, 
as far as interaction with an external body Is concerned, the 
mass of each body can be supposed to be concentrated at its 
centre- To see this, proceed es follows; as far as one body 
is concerned, reduce the other to a point using eqn (5.2}* 

Then do ther same for the remaining body, as shown in Fig. 3.6. 



FiGx 3.6. The Teducticin cf the gravi tail anal ititeradr ion berwctn two 
spherically syimetriiial masses, centered at 0 and D\ to the ittt tract ion 
between twn partfcles. 


Talcing positive senses indicated in the figure^ the equation 
for the force F - can he used to yield 


force on H:Hr^ 



force on 

nr 



(3.17) 


This aasumcfl that anv tnjtfon af the sphere* is along the lines 
of centres, otherwise a centripetal acceleration will feature 
additionally in eqn (S.17J, The accelerations are ffjit/p’, 

respectively^ The acceleration of m relative to H (sea 
Fig. 3.7) is 
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SB 


L,.J0 © 


FIG. 1.7. The grarttanioiiBJ Lntcraciton hetheeti two tphericRUy ^yin- 
iTietTical 


This My be written 

r “ 'w/r®, u £ ffiSflWW) = k®£l+iir/Wj £3.15) 

where u is semetiiies called the Miiertliil' constant and k the 
'Gaussian^ constant. This equatioTi can be integrated by writ¬ 
ing it first as 

? . *? 

Err = - whence x " r " ^ constant for the Motion, 

r 

TTiJS looks like nn energy equafLion after multiply inf by 
ra/d+m/W) = flt* 


[3.19j 

where f Is m constant energy^ and the reduced mass m* incor¬ 
porates the effect of the motion of H itt the kinetic energy 
term* For large the motion of M is negligible and • m. 

The kinetic energy of the system can he made arhitTarily 
large by imagining the system of masses w and m to be viewed 
by an observer in fast uniform motion. Thus* whil* i' is 
clearly a lotjl energy (kimtlo and potential)^ the question 
arises: ^For what observer motion fs S the correct energy?' 

It holds for an observer ot rest relative to the centre of 
mass of the systeiRt 

The potential energy of the system is 

E/(p] • 


At height 0 above the surface of a sphericHlly 
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symnetTlcil body of radius ^ and maas W th^ gravitalioaal 
acceleration is glvon by 


whore r ^ if these relati4^]ia ar« applied to SuHr 

Earthi and Moonp one can plot the Hccelerations dne to the$e 
objects at traridus distances froifi thoMp expressed in units of 
th& gravitational acceleration at the surface of the 
Earth* The results are shown in Fig. The point M narks 


Awdcntiim 
due no Mlwhi! 


Ait^eniliorn 
duf In Earth 


1 


ENsuiftcr fmm EauthV fisnjcc 


FIG* 5+i+ The acce3 erst ion caused by the the Earth, and the MrKKn at 
variinis distiuices friM the earthi whose radius is denoted hy f( [I]. 


a 'neutral' point at which the attraction due to the Earth is 
equal to that due to the P^oon p but the attraction due to the 
Sun at that point is still about twice es large as either of 
them separately* The detailed discussion of the attraction 
of more than two bodies in mutual gravitational interaction 
Is very contpl icated and simplifies only in special cases. 

Even the chTee'body problem touched on here is beyond the 
present scope* 
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3.a, A MATHEMATICAL TECHNjqUEi ENERGIT EQUATION OR BQUATJXIN OF 
MOTION? 

I.Siil* ih€ 4/ 

Tht energy £ caf a particle of b^s m in the field of a 
spherically aymnetrical body of [mss i(f can be written in terms 
of the distance r between centres- Asstrmlnf the particle Is 
outside: the body of mass and tsVing a frajae of reference 
In which M Is at restp 

^ * t/fe] “ IjJtTn^ - (5-IC] 


is a constant indEpendent of DifferflUtlating with respKect 
to time. 


•P H 

prri*i* 


* 


QHm> 



= 0i 


SO that 


in agreesent with eqns or (SilS)^ 

From ths i?f to ^qraation 

We now Start with 


s 

-S¥/P 


50 that 


■ ^ 

2rr 



IntEgrating from ^ to r with 

I . 

multiplying by milt we find 





* Wg say 

'"(i - ?> 







CWjt! 
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and thi^ is a constant, indepciitlent of time* This is eqa 
(3.20) again* 

The two elementary but important procedtiirea out lined 
above are very useful thraughout mathematical physics^ 


3*3* THE f5CA?E VELMltV 
^mampif asaumud 
The energy eqn [3.203 is 

ff • W*{r) - ^ >= W^(-) 

where it hfta been assumed that the particle can escape to 
infinity with velocity as illuatrnfxd in Fig. 3-5- This 

is pOBslblQ only if e^twl>0* This In turn implies 
y^(p) ^ the velocity at position r from the centre 

of the body of mass H satisfies 


ti{r] > /(2i;w/r) = (3*21) 


This equation defines m escape velocity which is scon 

to depend on position r* For the fArth at Its surface 


„ , p ■ it). 6 ? » 10 y 1 P^'* 1 Ub 1 

* ^ 6,S7* 


- 1-J2 K s'*). 


Taking the relocit)^ &f #ound in dry Bif at normai temper at tire 
and pressure as 332 ms*^, is S3.7 times, this velocity, i.e. 


ti - 33,7 Mach. 

o 

which is much larger than the speed of our fastest aeroplanes^ 


lif& ta^ap* poaa£hIm 

If u(;r]<o^(f‘), the particle can reach only a distance 
^■aji attracting body which is given by the vanishing 

of the kinetic energy* as shown in Fig* 3.9. Thus if there 
is escape we can talk about it velocity v(“f) which is zero or 
positive* If no escape Is possible, one can talk about a 

majiimum distance r from the centre. 

m* j( 
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FJCi, S-9* Tlic kinetic ener^ie^ ef two particles praliNitftl irom th& 
Eurth^s sttffiEfl. Ilifr top curve refers to i pftrtlele which c*n estape: 
tho curvEf briow it refers) to n pflrtlcie ifhich falls back to the Earths 


Movinje def ined the escape velocity ^ we c»ii express u [^) 
rather slwpif^s fellows: 

OBI 






tS,2Z] 


f 1 ..2 r 7 

- tJ Ir) 

The expression for f^} derives directly from energy conser* 
vation and is therefore valid even when the motion is not in 
a straight line, but the Kpression for assumes striight- 

line motion» 


3.10. tun cuss I CAL BUCK HOLE 

Imagine a apberically sywiietrical set of gravitating particles 
which come together under their Interactions* Jf the total 
mass M i*? fixed, then as the system shrinks the escape velo¬ 
city Incres^^es in accordance with eqn (3,211^ At a linlting 
radius ^ the escape velocity reai^hes the lep^ed of 

light* At this etage no particle can escape from the systcin* 
since one cannot project it with s greater velocity* This 
also applies to the photon (a 'particle^ of light energyl even 
though It has ne rest lussr It cati be thought of IntoractJng 
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ftj 

vith a gravltatit^fiftl field hrith a aiass where E la its 

energy^ Thita the conditic^n tr^) ” ^ lirpltei that not even 
light cen leave the syste*, which thuB beeOBies invisihlej 
eaplaininp why It ia theit called a 'black hole'. The required 
radius is 


Pjj - [3.25] 

In general relativity this expression is found to have a 
airoilar significance and is called the radius of e 
Schifii«scblli bUcJi h&le. For the Sun (W • 2 tt 10^“)t8}j 
^ 3 kB^. 

A hUck hole can still be sensed by its gravitational 
effects ^ aotl gas clouds and other objects coijld fall into it^ 
In this procesi such cloyds would heat up nmi radiate energy, 
which can be detected at a distance if it is emitted outside 
the surface r ■ r^- 

The theoretical investigation of black holes is currently 
fashionable, but none have so far been identified estperimen- 
tally with certainty, 

5.11* SOLAR SySTEW DATA 

For interest, some data about the aoIaT system is given in 
Table 3.1. 


PROBLEMS 

[5.1) SphericBlly synnnetrical bodies of masses have 

centre coordinates at a given instant* The cor¬ 

responding contre-of-aass coordinate measured along 
the line of centres, ±$ 

The total kinetic energy of the system is defined to be 
VliiTjrj * tBjfjJ. If I* - J*j - rji show that the kinetic 
^energy is 
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I * 

Interpret this results 

(3.2} The viri&l theorejE states that if ftir a system of fiji- 
ito extent the potential between any iwo psTtitlES at a 
distance p apart varies as , vhere a is a constant, 
then Che [timej average }{inetic energy 7 end the average 
potendsl energy W are related by = jtD . Let 5 hm the 
average total energy. 

ti) Show that 5 • ? - (ff/a+2)S 

(ii) For a mass m in a cirEular orbit of radius a about 
B ststlonary neutral mass M show that the aocelern- 
tlon towards the centro is § {a} * 

Hence show that 

f * GMm/2a^ 5 • GMm/a, I • dW*/2£t * 

Doea the vlrial theorem holil^ and what Is the 
value of a? 

A spherioa4iy symmetric planet has mean density p, 
radius and mass M =* A satellite describes e 

circular orbit o£ radius r about the planet» with"orbi- 

tal speed and orbital period The gravitH- 

c 

tional acceleratiori at the surface of the planet is g, 
fi) Show that for nn orbit stimming the -surface of the 
planet (p * R) 

r(ff) = tti^tR/g) 

and that ^ “ i7#/F^* Deduce that f[R] is“ the same 
for planets of different slses if their menn den¬ 
sity is the samOi Evaluate •ihd TlR] for the 

c ■ ^ 

Earths wsing the approximate values ^ lOi m s*"' 
and R *• 6.4 * 3D* m. 
fli) Show that in general 
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b3 

= /[gF^/v] andtf^trll = /i 

wftete the esc Ape velocity defined in eqn 

(S,21). Estinate the OTbitAl Speed And periled f«r 
a satellite such as Skylab ^973) given that ilA 
height above the Earthsurface is about 4DE) 

(ill) Shoi^ also that 

Is this Keplerf5 third law? 

{Iv} CoojiTBuillcatioii and television relay 'satell ites such 
as Early Bird (1^63) are 0fteii launched into an 
orbit which is synchronousp i.e. the satellite's 
orbital period r[n] e-quali the Earth's period Of 
rotation which is about 23 hours S6 winutes {why 
not 21 hours?), Show that only one value of r 
gives a circular synchronous orbit, and find this 
value, 

Cv] Mars has two satellites^ Phofeos and Deinios, in 
near-clTcular orbits with radii of 9300 ktn and 
Z5 400 km respectively» The orbital peried of 
Phebos Is about 7 houTs 42 minutes. Deduce the 
period of Deiinos And the surface gravity af Kars 
{the^radiuB of Hars is 3400 ktt] p and Mnpaxe the 
latter result with that in Table S.^1^ 

{vij The Earthts orhital speed):around the Sun is about 
30 kin s'* . By (ii) of this question a space probe 
leaving the vicinity of the Earth with a speed of 
30/2 ktti relative ts Sun Will escape the 
Sun^s gravitational field And leave the solar 
system^ If the launch direction is chosen care¬ 
fully this need only mean leaving the vicinity of 
the Earth with a spued t& tfc* of 

* fi^2 - 1)30 km 5 “^- ysing eqn £3*12) and 
the numerical results of part [i] show that the 
space probe nust have n speed Pn leaving the 
Harth’s atmosphere [j* ' J») which is about SO per 
tent higher than the spee^ needed simplr to escape 
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from the Earth, 

(3.4] Talciiifi GM for the mu tcs be 1^129 * ani3 the 

Earth's dlstaiice frow £he Stm In its ^llKhtly elliptic 
orbit as K4tl ^ 10^ calculate the periodic time of 
revolution of the Earth sroond the Sun^ treating the 
motion as circular. 


(3.3] A thici spherical shell of gravitating matter has 
internal^and external radii ^ ard h* and its density 
varies inversely as^,the distance froTtithe centre: ptn) - 
where ft is a constants The shell is iASgined as built up 
by the condensation from infinity of successive thin 
spherical shells on the Isyers.ialready present-. 

{i] Kben built up to a radius show that the amount 
□f matter already condensed is 

Jrf(e) • 4 


[iil hben built up to a radius p show that the poten¬ 
tial at an external point et distance f is 

JfCr) = ■ZTUcfl{r*‘a^l/p, 

Ciiil Explain why the worb done by the field in condens 
Ing a shell of mass dAfCn) and of thickness dr on 
a thick shell extending fron radius a to radius r 
is 


dV(F) = -y(p)dW{r) “ -dl^Cr) 


where d£f(F) is the increese in potential energy. 

■ '!j 

[ivl Evaluate the tuiel work done by the field in con¬ 
densing the thick shellp 



P"U 


2 G ..2 


(b+ar 


where M iS the total mass of the shelly and ex- 
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plain the sijjji. 

[vj What i s the total gravititional potent I si etiprgy 
of the filiell? Explain th^ Sipn., 

(3.®) A spherically syinniet^icsl fton-unlfonn pravitatinp 

sphere has a mean ranss^density p(^) up to b radius n and 
a surface mass-dBiisity olr) at radius where pIj+] and 
uir) Ate appropriate functions of r* 

(11 Show hy -considering the addition of d thin layer 
of density p{n) on the sphere already built up to 
a radius r* that 

K ilp\ _ 2 

p * 'a?) -* o - 5 p 

(ii) If ii the ^ravitational acceleration at 

radius i*» show that 

“Ffr) ■ ^ri^(rl 

and 

* 4nCiEiT - |i3K 

Ciii) The mean density 0f the Earth Is pflT] SS2E> kg n 
The density of the Earth near the surface is, 
apart from the heterogenootis crust p 3300 kg m . 
Explain how one would expect the tna^nitudm of the 
gravitational acceleration to change as one goes 
down a deep shaft in surroundings which are sltii- 
lar to the surface conditions of the 

earths Sketch the curve of ff{rl against p which 
you would expact- 

(3*71 Taking i> to be the mean distance between Earth and 

Moon^ obtain an approilnate equation for the distBnee x 
froBi the Moon at which the neutral point occurs. The 
approximations to he made are that both bodies are to be 
treated as uniform spheres, and the attraction due to the 
Sun is to be treated as a constant over the whole of the 
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distance d. Show that, if f, W are the messes of the Earth 
and the Moon, 

# _ 1 

5 Ts/isy^ 1 “ 

If f « 5,S5 « lO^^kg, w * ?.3S » 0 “ 3.fl « IO^Job, 

flnd^a:. 
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THE COSMOLOGJCAL DlFFEttENTIAL EQUATIONi 
THE PARTrCLE MODEL 


4.1- tHt QUALITATIVE FlCTimB 

Most people ure familinT with a inicroscope- If one uses it to 
Inole at a siwple ahject inch as a bliiJe o£ grass p it reveals 
details not visible to the naked eye- As the power of the 
Bicroscope is intreasedi a network of veins and cells COiftes 
into view rtTealing the intricacies and cojsplicat ion of whet 
was first considered to be a siBple ohjett^ 

We are less fstniliar with the reverse operation ol tak¬ 
ing a rougher instead of a finer view of our stirrotindings* 

If we photograph a growing plant once a day and conpress the 
tittO scale by playing the resulting film back* we can see in 
a fnw seconds how the plant ia * year- Instead of com¬ 

pressing in time one can also compress in space ^ an aierial 
view of large fields may reveal regular features not obvious^ 
to a person on the ground. For exara:ple, a certain unevenness 
on the ground may have a geometric fonftp and this may lead one 
to discover that below the field lies e prehtstoric city. 

In an impOrtonl branch Of cosmology ona Is concerned with 
such compressions in space and tine. &y ignoring the compll- 
cations pf solar systems and galaxies and taking a very 
rudimentary and rough picture of the universe, one is trying 
to trace Its development in space and time- This typo of 
treBimont represents a compression because It seeks by simple 
equations to reveal the large-scale properties o£ the universe* 
while ignoring all finer details. The discussion of these 
details can then be introduced at a later stage ta yield □ 
more complete or better theory* In this way it is possible 
to discuss the forinat iofi of simple atoms, of galaxies and so 
on. as indicated in Section 1.4* These considerations require 
difficult calculations, and are part of current research in 
astrophysics and cosmology* 
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fiS 


4,1. THE TEEMS 

Ko shall Assume e finit* modej universe an4 shall discuss 
infinite universes later [Section S.3). This model can be 
pictured as a very large assembly of clumps of matter in 
motion. These clunq^s of matter my be taken tp be galaxies,. 

It i| important that they are electrically neutral, so that 
they do not interact electrically; but they do tnteract 
gravitationilly. Suppose three such clumps of matter of 
■asses situated at a time t at positions 

J*j ft) 1^5 £*) 1 flieasoTed from a fixed origin 0. If 

their velocitleE are radial and of magnitude p^[4} {J - 1,2^3)^ 
the kinetic energy of the system is 






■"i”? 




1 ^ 

7 ^ 
/-I 




The gravitational potential energy of any pair af masses is 
negative and given by 


'rt 

I 


-0 


nr 


Tvrp-* Tv^* 




where S is Nt^wten^s gravitational constant. The tqtJiJ. poten¬ 
tial energy is therefore 


V 


C 



. 'hh 

'is 


"■zj 


-e 


3 m mjrt - 

y -L^j 
€<J ^ij 


where = [r^.-r^|. The constTatut £<J indicates that one 
does not wish to have the two terms 

the sun, but only one of thett (for example tJte tern for which 
^ Is less than J) m The total energy o£ the system is accord' 
ingly 


ti 

X 

t*i 




n 

.h 

** j»i 




t4.1j 


where we have generalited to a system of « of matter. 

Note that the potential energy hecDmc» loss negative, i.e, it 
inor^ammm as the particle separations go up fsee Fig. 4,1). 



THE PAltnCLE MODEt 



no* 4,1. PotesfltUl (snerjildS dtit to the coainslOKicaJ forte on 

particle 2, Ofld due to tho Jltlonai Intcmclion of particle 2 with 

tJifl fixEMl particle It as 3 function of position of particle I* 

For Mwe purposes It ifr desirable to add fl further poten¬ 
tial energj' tetth for esACh particle* The factor 

1^6 has been inserted for convenience^ This shields nn addi¬ 
tional potential cntrgf 

''c ■ - H vj 

arising fron a force 

hi ‘ I 

on particle where \ is a cDnstDitt-. Let tis flr&t take it to 
bn positive; then eqn (4.2^) is positive* and the force is 
repulsive. This way also he seejii from eqn [4,2): ss the parti¬ 
cle sfiparations Increase# becomes flora negative, i*e» It 
ddfraMon. The behaviour of Is therefor® opposite to that 
of Whereas V* encourages the particles to be close 

together so that the systeat can approach s state of low poten¬ 
tial energy, reaches a low value if the particles are far 
apart * Thus one sees again that the gravitational interaction 
is attractive# whereas the new interaction l/'^=ncts in the 
opposite sense and seeks to remove the particles to infinlty- 


f4-2} 


{ 4 . 2-1 
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But since it dons not depend on tuo physical p^iriHeters, such 
flS ci^a intcTflctinjit masses ot tb>& interacting charptts, it is 
not a ^repulsion' In the noni^l Sense, One can^ however^ 

It a ciflBTie r&pul9iQn. This repulsion is stili rather con¬ 
troversial. We shali be able to discuss it since it intro¬ 
duces no undue complications and it frequently occurs In 
modern work. The reader may, however* eliminate it from all 
subsequent equations without difficulty by putting k equal to 
2ero. He may alternatively interpret it as a attr^cf- 

tion by regarding \ as & negative constapit. This is also 
sometines done in current work on cosmology» The choice of 
the power 1 in eqn [4.2'} and hence of the power Z In eqn 
(4-Zj will be discussed in Section S*3. 

The reason why the cosmic repulsion wgs first introduced 
is as follows^ Prior to the lUIOs which brought Huhhle^s law^ 
the universe was believed to he in a broadly static and equi¬ 
librium condition by many setontists^ ^fow a theory^ based on 
movenent fkinetic energy) and attraction Cgravitational 
forces) cannot yield a static model- Either the kinetic 
energy doitilnates and the universe is for ever expanding* or 
the energy of motion of the galaxies Ss inadequate to Dvereomo 
the mutual gravitational attraction* In which case the system 
wtU collapse upon itself, holther possibility ij a static 
one. In fact the two possibilities correspond physically to 
either projecting a rocket beyond the Earth's attraction* or 
throwing a ball into the air which then returns to Earth, 

These liewtonian ccsmological ideas were developed only in the 
IS30s* They have* however, their counterpart ifi genaral rela¬ 
tivity, and were first roted in that context by Einstein when 
he created the theory in 1915- In order to balance the gravi¬ 
tational attraction and produce m static modol he needed a 
repulsive forte* and so he introduced the cosinologica 1 repul-^ 
sion^ He withdrew it again in lf>3l, when the expansion of the 
universe became an accepted proposition- Einstein* had ho 
believed the general theory of relativity quite uncQmprflfliis- 
Ingly and not introduced the cosmolcgical force^ would have 
predicted an expanding or a contracting universe. The cos¬ 
mological constant has been used since that time, and has had 
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al ternatiing periods of popularity* We shall Iteep it in our 
equalidns, partittilarly as there ii currently &oTBe evidence 
for fl non-^ero vaiw 

4*5. THE EFFECT OF HUBBLELAW 

In order to incorporate Hubble's law into our ficKeme, it will 
be a^sucned that at any time t the galaxies have a radial 
motion which is given by 


■= li - 1*2, ...pH) 


(4.51 


where 3 ft) is 0 universal function of time, tfta fop all 

th» porcine lee, defined in eqn (1.5)* The time is some 
standard time to which all observations nay be referred and 
is usually the present tine* The (radial] velocity of the 
ith particle is 


at 




r.c*). 

I(e1 


f4.4J 


Oetiotitig tinie differantiatian by a. dot^ and Hubble's paranteter 
by ffttK 


= S(t)r^(t]. flftj 5 (4.S> 

Thus Hubbleparameter dot ermines the same connection between 
velocity and position for all particles f nt thm irama timr t- 
It la not a constant In the sense that this connection will In 
general vary in time: H^ like S, is independent of the suffix 
but it doe? depend on Thus aqn (4.3] effects a fictori- 
zatlon of a Function of ^ and t into a product of two func¬ 
tions, one depending on i and the other depending on 


4.4* THE UNERCSY EQUATION FOR n PARTICLES 

The energy of the n particles is* by eqns (4*1) and (4*2), 


E - 
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THE COSMOLOGICAL IMIAl, EQUATION: 


.,U' " 

tf^here £ denotes ^ and £' denotes ^ . Incorporating eqns 

i"=l ijJ'l 

{i<^y 

[4.3J and (4.^)i one finds 
f = I 


= -ffE 










PI 


so that 
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Since the energy £ of the n-particle-systein is ■ constant, ecjn 

«r- -^sr ■ 

+ represents a qonstrAlitt on the possible t iae^variation 
of jff- The coefficients are 


A 5 4 


a £ CE* 


rt^BI , 


f) = J 


(eneriy ^ 
tan energy) 
(an enorgy) 


(4,7) 

(4,S) 

(4.9) 


Thejr are independent of time^ and depend only on the nature of 
thefsysten at the reference time In eqn [4^6) we have 

derived the Important di//arentxai st^uation for 

the scale factor ]&(!], 

Eqn [4.6) has a simple interpretation^ Neglecting the 
tenn due to caihitLc repulsion^ an expanding system a 

universe) increases its potential e-nergy -ff/ffff) , formas 
increases^ this term becomes less Mgaiive^ Thus the total 
energy renalns constant only if the kinetic energy IfFl* also 
decreases with expansion^ This is reasonable since the con¬ 
stituent clumps of Batter have to overcome gravitationsl 

i-i3r‘ 
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attractions in or^di^r to participste in the expennion i The)f 
are therefore ^loiAied ^own. Now much are they slaved dovn? 

How long will the expansion last? These are typicu^l questions 

£dr cQstBolagy. Some rough answers can he given, and this will 
be done helnw. 

4p5, ITiE ^SCAIED ENSRSV EQUATION 

If we note from eqn £4.7 3 and £4.9} that 

0/4 - A/ 3 * { 4 . 1 D 1 

the energy eqn f4,6) can he written tncre elegantly as 

M - i . i . f 14.11) 

AH ^ ^ 

Thus, even if ^7 and A are universal constants, one Btlll 
obtains a different differential equation for each value of 
3/4 and ^/4, By passing to a new functlan Instead of fl* 
it p^roves pos$thlo to collect the main physical characteris¬ 
tics of rhfc model into a new copusiant c, and, with reference 
to the energy Fi to retain merely the sign of iti Thi^ ip 
quite adequate since the property of chief interest Ifl the 
nature of the evolution of the universe in time* This is 
clearly unaffected if f is independent of time in 

» rStf), llAla} 


which will be used to rescale the CDsmdlagical differential 
eqiiatian. This rBlation implies 




—F— 


ff{e) = 




where Is a coordinate which is conatant in time for each 
galaxy and will be used later (Chapter 11). 

We shall now pursue the consequences of (4-12)^ Using 
(4,12aJ in (4,11K 




il 1 

4 5 



£ 
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, 1 * ^ 1)3 

' nr f * I'' 



H.153 


let ,P Tifivr bs chosen so as to obtain aereeineiTC with general 
relativistic equations as normally presented: 

Clt 3 If E^O, chMse ^ - o^A/E, l-o. la EP^/A - cho^o i ^ - 1 . 

[b) If E< 0 , eboa*!! |P*- o^A/\El l.c. In FP ^/4 . choasa fc - * 1 . 


(cj If E = 0, Itfuvt P ■.rbltmf)-, 1,«. Ln BI^fA -kff^ choow Jli = 0. 
Thus ^ {f ^ 0), 

Thu cflSJioloKical differential eqo is then 


H.M) 



- kn^ ffc 


^ (F - t». 


-1, a or *1J 


t4-153 


If fl is the velocity of light in vtitsu^^ eqti (4, IS) is pre¬ 
cisely a general relativistic result for the simplest cosmo- 
logicnL models. Its deTlvationi here as a classical result 
represents development of later ideas [3,4i&]a Note that vc 
ere still dealing ifith individual galaxies as shown by ec^ns 
(4*71 to {4.^). 

Applying dimensional analysis. and denoting the dimen- 
aions of 4 by [^] p 










Jt follows that, while ^ is dimensionless^ /? is n lengthy 
Eqn £1*JB) is the Cosmological differential equation which 
contains as main parameters C, • -1 or D or *1, and A. Its 
properties will occupy us a great deal in the fallowing chap¬ 
ters . 

One should note that by eqn (4,5], 
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C4.17J 


Thus etin (4.12) furnishes 

= /?j, - P - f-ltfl^-l/i:)’' • a( 4 /|E|)'' 


where the last tir& fonais hdld if E # 0^ Also 


^ = 


£ 


it 


t4*l9) 


Therefore, If one tiSresf eqn at the characteristic tine 

on^ flii4S| after dividing by and 


ff 


2 

e 



(4*20) 


The lost torn can al^o bo written ai This Is a very 
useful result and becoiite5 more sOi If ene imikes the Identifi¬ 
cation that 


is the present |iiiie» t4«Zl) 

since the left-hsnd side of eqn [4,20] is then reasonably well 
known from expcrlDentWe shall adept the interpretation 
(4^21) chroUKhDut the rest of this booh* 


PARAMETERS FOR TJ^P EVOLlTTiaN OF THE UNIVERSE 
A ntnaber of parameters have become stsndaril in the description 
of the universe« One Is the Hubble paraTBeter (4iiS))» Another 
variable measures the rate at which the expansion of the 
universe slows down* and is celled the p^rammtep. 

As such it is made to involve -flp To niako It dimonsionless 
it is then defined by 


^7 ^ 



f4*£2] 


It can be calculated from the 'equation of motion of the 
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universe' which is undfirstood to be the tine dfifivstive of the 
energy ccin (4-1^1^ 


» - —^ + i (t. f 4 .Z 5 J 

IJ? 4 

The left-hitnd side correaponda in classical roechanies to the 
acceleration, ivhil^ the right-hand side gives the cofimologicBl 
force [4*2^) and th^? gravitational force wh-tch act on unit 
leass. Ifslng eqn {4i»19] » 




^ I \ C ^ X ^ 

- -j -5 ^ 5 ^ 

[MV ^ IR 


* o - ^ 


{4.24} 


We have here introduced thi& imramvttfr represeiattng the 

deceleration due to gravity which ISu using eqn {4*16]! * 


a = 




50 that 



( 4 . 2 S) 


Wc have also introduced a parameter representing the accelcra 
tion of the eicpansion of the universe due to the 'cosiDOlogical 
force: 


£ X , 90 that 4 m C4„261 

The parameters thus defined vary In their accessibi1ity 
to ohservatlon. The present value of is known with fair 
accuracy from the slope of the red-^^hlft versus luminosity 
distance curve {Section 11.2); the present value of the meafi 
density 0 of taatter* and hence of Of can be estimated from 
the observed density of matter in stars^ dustj, and gas, though 
the correct value of d nay well be higher (Section 5.2*3). 

It is ifl principle pcssible to estimate ^ from the red-shift 
versus luminosity distance curve^ as discussed In Section II.S 
but the uncertainties are large. 

We give below some additional relations which hold also 
in general relativity and are sometimes useful» relatlein 
between d and q arises from the energy eqn {4.1B) which can 
be written as 
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1 


■?? 


kit^ , _ C ^ A. 

'V 




A 

-^ 

3W' 


t>efiniiig afi paFumi^t^F K^ this may written aa 

Jf = ■ 2o + li - 1 - 3a ‘ - K {>5*371 

Thus eqns (4i.24] and (4.26] nte alterTiative Ways ef writing 
the equation of notion and the energy equation respectively. 
They determine the evelution oT the unlveTSe in time* 

There are also some purely I^nlsa between these 

parametersf i^e. links whicb do not involve the forces; for 
example 

” * 2 

. 3 P . (4.2fl) 

a 


If ^ ^ 0 one can al^o obtain exp res a ions for P and 
By eqns [4.131 and [4.20] 



■ 

1 

i 

\-H 

^ - ‘"o - ^1 ' 

14.29) 

Now using (4.1 EpK 




t4.3D) 


It will hs shown in the next chapter (eqn (S.8)) that in a 
contlnuun approxination £ can ho expressed in terms of F and a 
mean density of matter to he denoted by 


PR0BIE>4S 

(4fl] Prove that galaxies cannot overtake each other in the 
model adopted in this chapter. 

C4«2) I^iscuss models of constant deceleration parameter q and 
show that for - -1 and ^ • 0 at t ■ D there exists a 
constant A such that 
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Fqt ^ » -1 shpw that 

#(*) • ^(«p) exp 

[The ca&e 4 « -1 corresponds to the steady-state model of 
Section 2**5 the case (j * 0, ff = 1/t corresponds to the 
Inline nodfll of Section and the case 17 » ^ ^ Z/Zt 

corresponds to the ElnsteJn^e Sitter model of Sectloif 

2.6.J 

t*,5J [61 Show from eqn (*-153 and its first and second deri¬ 

vatives that 



where a third “derivative parasteter has been introduced; 


Q ^ flffVfl 


£4.4) [7J Show frcH# problOH (4.3) that 

2W* 

and 


k - («-Zqj6r^, I I - 

Hooce vorif/ thst y for over-dtpandiing [X = 01 models 
Is a condittofi which corresponds in some sense to 5<1 for 
models with A * a. 



5 

THE COSMOLOGICAL DIFFERENTIAL EQUATION; 

THE CONTINUUM MODEL 

Sa. THE COJfTENTS OF THE UNlVTRSE AS A UNIFOKI^t CIOMT^UUM 

In order to estimate the toeffof the gross 

features of tfee ujiiverse fciill be adopted wHIch regards all the 

matter in it as smeared Out UnlfoTiily 3t any one time* The 

matter density ot*) {mss per unit voltufie] Eaecoaes the main 

function in terms of which the universe can bn descrihed. Tt 

is then convenient to assume that the model nnlverse is 

bounded by a spherical surface S whose radius at any time t 

will he denoted by Ej(t). The origin of coordinates will he 

taken at the centre 0 of this sphere. 

At the reference time t a spherlcBl shell of radius s 

V 2 2 

.and thickness d^ has surface area 4nx and volunie *ar dje^ 

The amount of matter in it ia 

dwt*) - tS'll 

Now consider any function of the n particles within St 

|]nT^/(f^J J C*)Elaf. = ^£^0.)] (5-^] 

0 

life have on the right-hand side the estlaate of this suai in the 
approximation of a uniformly smeared out universe. Instead 
of suftifiini over all the particles* one has here inte^' 

grated over all the spherical shells from radius * • 0 to 
I = At iSe “ 0 the shell has shrunk to a point which does 

in fact not contribute to the integre] for most roasofLable 
functions /(sj. Applying this process to (4.7K 

f ® 2 2n S 2 

A • S j 4iii • -j- (5-3J 

0 

The total mass of the model universe has hero been introduced; 

f ^ 2 4 ti X 

j AitP 0^dx = -y- 

0 


IS.A} 
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is constant in time one has « ^0^0’ 

with i*j{t} • ^ft} and also using eqn 


the coefficient D of eqn (4,9^ could ho calculated similarly 
htit is Bare easily found from eqns (4pl0j and We now 
evaluate S.l) . 


Nt>n-cijn!Tibuting Spbcncaf^N^ 
hhu:IJ!( of JTuiitcT Jir ii r>i', $rn^ 


Siphcrtful »hclla 
o^' millin' wi\h 

bchavr a if 
Lhcir mfua 
ainoetilmltid 
dc O 


F1G« 5.1. tWe evaluation of B. in ^n [E ^6) i 
Sf, since it is there a variable of integration 


It is now convenieiit to imagine that the particles are so 
niimbered that if,^ and only Ifp particle i is no further 

froffl the centre than particle This moans that th* gravita¬ 
tional potential at the location Of particle time 

due to all part ides i lying closer to the centre than is 


With this definitioTi 
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of spherical synmietry ■with rflspect ta 0 the potential 
ts a ftinction only of distonce fr^^m 0. In a c^ntinuuii 
model eqn (4,S) can then be expressed as an iDtegril over the 
distance » Jp ns iti c%n (5*2): 

- - J 
0 

Note that the time now enters into Y indapondently of The 
reason is that the effect of all the particles t<i has been 
expressed in terras of the matter dansity 0^ which decreases es 
Che universe expands, r is the gravitational potential at 
distance x frojti CF due to all the mass l^(f] inside a sphere of 
radius x* Therefore^ frqn Section S^S (with V “ U/m} 




gJV | _ac j 

rt. 


4ti 




Subslitutiiig In eqn C5,6). one finds 

S . t5,7> 

Note that fl and ^ are the total gravitational and casjiologidal 
potential energies respectively of the universe at the present 
tlrae tg* Now substitute Eqns (S,l) and (S*6) into (4.16) to 
find 


where (5.5} has also been uaed. 

The continuiun model therefore yields (4*15) with (&*S)p 

i i e* 

^ = I + 3 - ko^, {? E ^ fipff*. (S*9] 

These are the precise results obtained for the. simplest models 
of the unWerse from relativiatic cosmology, fh<B id*ntifiaa- 
tfofl &f th« oonac^nt C ia th« ^ain oonfirfijntiow mods te &ur 
mqdel by paearnp from pcirtiaJfl to t^a Oppr^5x^ma-' 

ii&n &f th* of the wNivwraa £i^ o dontinii^u# 
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a2 

S-Z* THE COSMOLOGICAL DIFFERENTIAL FQtJATTDN FROM THE EQUATION 
OF MOTION 

We Rov/ itlve an alternative derlv^Uoil of the CQ^mologlcal 
differontial equarion^ By liv^s^ a spherically sym¬ 

metric diitribution of mass with centre 0 acts on a particle 
at radius x as If all the mass wrlthin this, radius were concen¬ 
trated at C* This was discus and In Chapter 3. One can make 
use of this result to write down the gravitatLonal accelera- 
tion of e particle in s spherically syrrmetTiGal distrihulloit 
It is 


?it*3 - - -- ^^— 2 - " ^ ^ C5.103 

where the total mass M thw «ph#ra of j^adiu^ has 

been expressed in terms of the metter density faasumed unt- 
form) at the reference time One may suppose that a coamic 

repulsive forccj as introduced in eqn i:4-Z * )^ acts in addition 
so that the goneralisect ncceleratlan of particle i is 

?£f«) --j + 4 r^4tj. (S.ll} 

Eqn (S.U) is ati example of an equation of hotioii, as dis¬ 
cussed in connection with f4,2S), it is sssumed that the 
motion is radial^ 

In Dfiier to intejjrate (5.11)^ multiply the equation hy 
and treat OW and X as constants. Hence 

. iCMr-ft) - ^ 

2p.(tJ?*(ej •> - -i ^ * i Xr .ftlii.f 6)* 

rntegratiog each term with respect to time from some fixed 
time to t yields 

where 0^ ig a constant of integration which flay depend on the 
particle but is independent of time- Dividing by 
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And using gqns (i.S) nnd {S.IC) dtic finds 


[sr 


flnAp 


0 i . 


_— _ , 

J da »' 




«3 


[S.Ul 


This Is again th^ c&SMlogical diffeTcntial oqia pro- 

vidad only that one identifies as folloii^s: 


Qi “ t - 


(5.13) 


wbare oqn [5.3) has been used. Thus the energy □£ the energy- 
equation approach appears here essentially as a CDnstAnt af 
Intagration. ffote that fron cqn (5-10} them follows an 
alternative way of writing eqn 


3 In ^^5 1 w 

5 - * ^ ^ * J P, fB.14) 

The analogous re$ult bsjied on the scaled eqti (4. IS) ii 

tS.lS) 

where C la given by eqn (S.fi). 


fl -' ' + "4 XiSj 

2ff^ ^ 


5,3. THE INFINITE UNIVERSEl THE COSMOLOGICAL FORCE 
The derivation of the cosmological differential equation in 
the preceding sections raises some questions of principle* 
There is# firstly^. a question of salf-consisteiicy. It is 
Assumed in Section 4*3 chat Hubble^s law applies at all tlmesj 
and In Section S-1 that the universe is of uniform density in 
spacb at all times, and it Is net obvious is pri&ri that these 
assumptions are consistent with the detailed equations of 
notion such ea eqn (S.ll]. The sec'ond question that arises i£ 
whether the derivation can he eittended to a spatially infinite 
uni verse p alnce the finite mode) universe considered hitherto 
violsisA the .cosmological principle of Section 1,2. The two 
questions will bo considered separately. 


jrCa) fhtf eel/-acina^atenav probJim 

rt will be assumed that Hubble^s law applies, and that 
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the density pC^} uniform in Bpncei fit the reference tine 

Then It is sufficient to show thfit Hubble's Ifi^ applies 
at all gather tines since, as diseiissed in Section this^ 

Ivplies the existence of a Universal scsle factor The 

volume bounded by any set of particles will then vary with 
tia# Bs [S£t})^, and the matter density inside that volume 
will vary as so that an initially uniform density 

will remain imiform. 

To discuss the Validity of Hubble's Isw at different 
tiiies^ consider first the equation of motion which 

assumes only that the universe is untfort &t tine Defin¬ 

ing a scale factor for particle i by 


eqn [5>10} can be written 

- 4 

“ ‘ — ~ — f* ^ - 1 


^Pn 


(5.161 


C5,17] 


and cancels to give 


5^ = 


Thus satisfies a differential equation which does not 
explicitly depend on Since^ by fis$utaption, Hubble^s law is 
valid at * so that =■ 1 and =■ we have a 

differential equation with parameter (IE!) nnd boundary condi¬ 
tions independent of p It follows that the solution is also 
independent of the individual particle i Considered-. Hence 
is a universal scale factor Sttl# *ud Hubble's law is 
valid Bt all times« 

Suppose next that o cosmological foTce of the form 
with general power h Is present» The equation of 
motion (5,11) Is then mad ifled to 

(mM. . - 

rAt) * - -^ + jlrAtir 

^ [r^Cfrir 

and the analoj^ue nf eqn {5.17t is 
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itf,-)‘[r 




Evidently, cancelling fwill give ati equation for fl-ft) 
independent of i if, and only i> = 1, This 1& there fore a 
condition for the Hubble lew to remain valid at all timea, and 
it justifies the choice of fr * 1 in eqn (4*2']_ 

If one regards the gravitational force as an unknown 
function of distance» one can siMilarly Infer an Inverse 
square law from Hubble’s law in a Newtonian universe [1]. 

\«.v 


tb) probt*m of art infinite unit^tra* 

It is necessary here to pose one’s quest Ion with pTeoision, 

One can ask (i] can. the approach of the previous Section deal 
with an actually infinite universe, and [ii} can this approach 
d^al with an arbitrarily large finite universe? The answer is 
’Ho’ to [i] and ’Tea* to [id)i for reasons given below^ 

TV 

With regard to (i), an energy conservation equatian for 
on infinite universe would consist of infinite terns and so 
would be Indeterinlnate. The equation of motion (5.11) would 
also be indeterminate, for a reason which con be seen by 
reference to Pig* In this figure we have imagined 



P16- S,2- The gravitational fqrce on a particle is due to the msss In the 
Intcrsectldn of a corns with i j^t it* flpex end a uniform thin concentrle 
spherical shell at distance r frpm This force U praportlonal to the 
solid angle & of the cone+ 

Concentric spherltaL shetlSi. centred on particle <, and have 
also drawn a narrow cone through particle € so that the gravi¬ 
tational force on particle i due to any particle within the 
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cane is roughly parallel to the fixed unit vector u. Then 
the mass In the shaded region is, If ft <r, ^ where Q 

is the soLid angle of the cane^ nnd the gravitational force 
due to this mass la ^ Adding up the 

all the forces due to all such regions^ and noting that half 
these regioiis lie to the left of particle %t gives a net force 
on particle due to all particles within the cone: 

F. - 1-1* 1*1^1 

Now It is known that the terns in the infinite series in 
bracket^ can be rearrMged to give any integral value what- 
ever* for instance 

tl-1) * (1 IJ + Cl-U ■ B ^ U * 0 * Op 

1 + C-i+n * (-1+U + (-1+1) = 1 * 0 * 0 * 0 ^ 1, 

so that no definite value can be assigned to Ofi by ifnpll- 
cation, to the total force on particle t* This Justifies the 
conclusion above that neither the energy-Conservation nor the 
force approach can deal with an infinite universe. 

With regard tn fii) above^ imagine two model universes 
and which differ only in that the radius of the 

reference time is greater than that of [tpi >a|(s^)^ 

Suppose that the two models have equal Values Of « and 

The coefficients of the cQsifiological differential eqn 
(Spll) will then he the sane for Wj and and the bowndery 

— i * * 

conditions ■ 1 and are also the same. It fol- 

lows that the tine variation of S la the same in both model a^ 
and that the motion of each particle of is duplicated by 
the motion of a corre-sponiling particle in the interior of 
One can therefore hy ^ or equivalently one can 

increase the site o£ a model universe to any finite extent ^ 
without affecting the predicted ttiotion of any particle of 
or the predicted time variatipn of S* One could obtniTi the 
same result by siinply noting that IncTea^itig the slae of 
is equivalent to adding a yniform spherical shell, end this’ 
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shell will by eqn exert fig fore# on the particles of 


5*4. TH^ FRIEHMANS MODELS 

The enftly^^U of eqn (S,9J will occupy us In Chapters e and 
$0 chat soae general TemarVif way he helpful at this point. 
Various assLunptions: may be ftrede concerning the values o£ ^ 
and kt and theiie lead to various models of the -smeared out 
universe* These models are called r j-^adiwapfn mode la after the 
Russian Mathematician who firs^t considered thejUk They are now 
regarded as among the siTiFpleat such models and they were first 
investigated as a conae^quanca of the general theory of rela- 
t ivity. 

The first property of aqn to which at tent Ian can be 

drawn la that It Involves the tliiw t or its differential At 
eaplieitly only through the terra This terra is unaltered 

by changing the direction of the time scale sinceg, if the 
new time coordinate be t* • 



This etiuation Is thcTsfore unaltered iindeT this tratis format ion, 
and one ssyS thiit it is t£. It can describe an 
ejcpAnaion from sobc iitltial value at i » 0, an will be 

assumed in accordance with Hubble ^s law; hut Jt can etjually 
Well describe a collapse; it can also describe an osicIllation^ 
For the moment the possibility of a collapse being described by 
the equations will be lEnot-ed* WbEn one assumes that i?{0} iS" 
tcro or small with H > 0, one la considering the so-L-alled 
ti^~han$ ^r-i^dmann raodele* 


S*S* WHY IS TWRE NO PRESSURE TERM 12^ THE ENERUT EQUATION? 
Some people might eapect a pressure term in the energy equa¬ 
tion- The reason why it is not there will now be given^ 

If wc Imagine a small flat snooih surface to bo fixed at 
some point in space, the expanding systems of particles Rive 
rise to occasionfll collisions with this surface* We can 
as^surae that such o particle will be reflected after impact. 
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SO Ch&t its marBenttiin nortUBl to the plane will be reversed 
while its momentum tangrential to the plane will remain con¬ 
stant, fn this a collision leads to the tran-sfer o£ 
iflOTiientum 2p^ to the surface- If such colllsiotis are allowed 
to occur for A period of tine^ an avt^ra^e patu of raameattim' 
tPiinfffdj!* to the plane ta1?e5 place» Since the stir face is 
fixed, this average rate is also the aversge force to he 
exerted in order to keep the surface fixed in spite of the 
Collisions (force ® rate of change of itjorneTitum! 1 , Thla ill 
another Way of saying that the particles exert a prmvwur^ on 
the surface. 

If the small surface movo$ with a particle, or take.^ 
part in the general expansion a^ if it were a particlep then 
of course no coIlisiDns will occur* We then speak of a 
cama-aiwiff element of surface« On such a surface no pressure 
is exerted (see also Prohle?B M*1)K 

Let us now consider the differential equation for 

the whole universe and note that its radius has cancelled out 
a£ the equation, leaving a differential equation for the scale 
factor. This equation is therefore appropriate for co- 
moving spherical concentric surface dravoi within the universe. 
Such a surface may be thought of as 'froren into the ftacter^, 
Jf such a surface were solid no particles would colHdij with 
it since it is coBovtng snd therefore no pressure would be 
exerted on it, Tt is there fore plausible that the energy 
equation for the matter within the surface contains no pres¬ 
sure terms, Iri thfa tAs partisla a lau 

im u aero-pr^aaur^ It is Of course clear that 

there is no pre^^ure term in the equation for the contents of 
a surface of nii|^ shape frnxen into the matter. 

In Section Sil the notion of a continuum was introduced 
merely as a device to calculate the coefficients in the dif¬ 
ferential equation^ and one was still operating with what is 
basically a particle model- If the contifiyum is regarded as 
a limiting case of a closely spaced distribution of particles 
then the above arguments still apply* and one has a cero- 
pre$^ure model, so long as each particle obeys Hubhle^s law 
However, if random motions are superimposed on the 
Hubble law expansion^ then even a comoving surface will be 
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sutjject t-Q coXlislons mid hence one WDbld expect pressure to 
pley a part In tke ilyiiAiilcs of the universe* Such e^odels ate 
modal^ in the usual lense and they ¥iil be discussed 
later {ChepteT t), For the meBenl only tero-pressore models 
be considered* 


PROBLEMS 

n y ” 1 3 

tS.lJ Show that Jr- n^/Z^and J « /S for largo n UJ by 

1 1 

using the eXttet foreulae^ £ti) by Integration. 

tS.2) Show that J r“ ™ for large n for oX^. 

r*l ® * 

(5*3) Show that ni ^ (n/e)'^ for large n, where e 13 the hnsis 

□f the natural logarithms^ ^ 

Cotisidar * in wl • J In r-l 

r« 1 

(S.4) Show that the expression (5.7} for B may also be 

obtained by considering spherically synmetricBl sheila 
to condense Sequentially froia Infinity to fom unifernn 
spheres with centre 0^ 
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SOME SIMPLE FRIEDMANN MODELS 
6*1, INTRODUCTION 

Thfl siK^red out model universes have now brCfl specified ade¬ 
quately, flud the physical pictures and explauatlops on which 
these spec ificitions wore based have been Incorporated In an 
cnerfy equation or m equation of inotion [5.1S]. There 

are also boundary conditions which state whether the model Is 
B?cpanding or contractInjj at a particniat tiiie^ as discussed 
in Section 

These procedures are iUtistrative o f the {general ' model- 
nakiiii;' activity which has been knoi^-'n for so lon^ in applied 
raatheinatlcs, physics, and chetnlstry. It has nlao entered the 
biological and social scloncos, the 'model* ts often in bU 
these cases s differential equation with boundary conditions■ 
In this section the solution of those equations wflj bo 
considered for various special cases. These cases are cither 
physically important or they art instructivo as givlnp Insight 
into simpler properties of tfiew equations, he shall then be 
ready to don^lder the mare geineTal properties of our models 
in Chipter 7, 

h*2- fTDDEL UNmRSES WITHOUT COSMOLO^rCAL FORCE (X • D1 

6,2,l« €tafia’£ficit*i&n fntc? n^pand^Uff and mode Eft? 

t hw or i t ioa I ma b b df^K d 

The models of this aoction ere important heoatise they re¬ 
quire only knoH^n forces, so that an explanation of the astro¬ 
nomical observations In terms of them Konld be particulHrly 
satisfying. In f&ctp many cosmolopists consider that the 
X 0 modela are the only ones to be nsedi 

The key observatlEp to he inide In this case is to write 
cur mein equation (S-IT) In the following form 

p- -• I = - 
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tu 

SO tiiat 


and 


p, - 








la 


9 £ 


c^.n 


where eqn (4.24) ha^ been used. A criticml matter density 

0 ^ has here been introduced* Ft has been related tu the mps 

parameter a hy c^;^n (4^25]* and It has the foXlomnf, inter* 

pretation* If at ^nme cosmnlDf^lcal time t one finds that 

O >0 ^ then the right-hand side of eon [6.1) is positive and 
c 

SO ^ = --I at nil tiines. Hence 




$ ■ 




shows that there is a uaicliDuin scale factor ^ which satis* 

tn 

fies 


fl - C/tf^ tk - ♦!), tS.33 

m 

When It is reachedf ^ Ow This maximuin extent of the e^pan* 
si on is therefore succeeded by a contraction. The time re^ 
qiiired to reach froiti - 0 can he evaluated hy solving 
eqn £6*2jp This is a 'detail' to which we shall turn below, 
For the moiient we shall consider the case that at some 
time Then enn C^.ll shows that and t =- *1 at 

all times. In this sltualion eqn shows that the model 

universe is on always-ej(pandijif> one since can never be 
xero^ 

We have therefore the main classification of li ■ 0 models: 


0>O-^>^“k - *1^ 
c 

p*p-i*q*%**k * tJ , 
. c 

P < ^ 0 < ^ ■* fe * * I 4 


an oscillation 
permanent expansion 
permaneTit expansion 


(6,41 


This classification is physically clenrs given the value of if 
and therefore of » then for large enough p the pTovitatianal 
attraction dominates and the universe collapses agsin. For 
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»aall eii«u£h the kinJttJx Qa^rgy can dOMiante the 

tional effects and there can he indafimite eKpfin^ion. 

*11 1 

the niiDerical estimate £f- « k io leads to a 

D 

present critical nass density 


- 0.6 - 10'^® K cm'® 

* 0.6 * 10'^* leg m'® " 4 pratQiis n”® 


C6.5) 


The classification [0.4] also results if one assumes 
the density to be given^ Otte then findi that the conditiDn 
for indefinite expansion Is a constTaint on nsraely 



The right-hand side is a kind of escape veUcity for the tmi- 
verse which corresponds to e££n 

If the model collapses againg then it approaches a state 
□ £ infinite deiuity as ff 0* and this State is called a 

it is meaztineless to isle if the m&d*l re-expands 
as there is no unique extrapolation through the singularity. 
The question has a meaning for the uninai^M*^ hut an answer is 
difficult to obtain because of our ignorance about the physi¬ 
cal laws governing states of extremely high density. In view 

sli; 

of this uncertainty the phrase ^oscillatlnf universe* neBna 
that there my he only one oscillation. 


6,2.2, The iin»tein-d.e fitter 

This model is defined by k ■ » 0^ and la easily dis- 

•HM ■ 

cussed. Eqn (b«Z] now yields 


R*iF - dt 


whence 
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Substituting fur C froat cqn IS,9], the right-hand side is 
so that 

SuSot^ ■ 1 or O’ CS-"?! 

Eqti {( 1 . 6 ] leads to 


B - 2/3t, q - 1/Z, (6.B) 

The value of p c&n he found by putting «qn (beS] Into eqn 
One recovers the critical mss densltyr 

p * ii , 

c 

One sees that p * tiifleSa This'liodel of particu¬ 

lar interest because it, or s time reversal of it, occurs for 
all models of non-iero mass density in the limit ^ 0 Isee 
Problem I6a21]. 


6.Z.S. pro&leffr 

The relation between red-shift a and luminosity distance 
for galaxies yields estimates of (see Sectlans 11-2 and 
11/55 with unceTtainties which caii he as iarge as *1^ None¬ 
theless they impose some constraints on the passible coamolofEi- 
cal models via eqn [4.24]. As ran example, we shall consider 
the ostimate C^oe Section 11*5 for more details} 

^ I* tftao) 

One can use this in the equation of motion (4.24) with the con¬ 
tinuum model interpretltion fS#9] for € to find 

_A_ 4 - q * 4 .^ ■ - * 0 “ 0* (6 ^111 

Taking - O.b ■ lO^^^kgn*^ nnd the luminaus 
mass density of the universe at present as 11] 

^ 3 ^ 10 kg m 


i^AI) 
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Qiiit finds 


^“ 0 . 05 , (S.. 13 ] 

®CO 

Thus on<t has frow eqn (6.11) 



so that the cosmclogical force is attractive and helps to sloa 
the eXjiensioB of the imiver^e^ Rut this is refierdefi as lui- 
likely on other i;roiinds, A ti.^ual ifltorpretation of these 
results is to assune X * 0 and to infer from and 

{ 6 * 11 } that pp ^ in contradlciion to ettti (ft. 13 ), since’ 

2 p^p is much larj^er than the luminous mritteT densit>“ a^tLiail)^ 
observed. The search for this 'missing Batrer' is still incoffl- 
plete, but the necessity for it may be reinoved completely If 
Lower values of are acceptedp 

y 

Also if the jira vital Iona 1 constunt hns had greater values 
in the past than it has nokf, one WOiild espect a spialler mass 
density to have the same effect* as A larger mass density has 
later. The result would aj^aln be that the tuissinjj mstter 
prohlew is quantitatively laaa severe [I]* It hpd been 
proposed in the 1930s that ff and Q have the same time- 
dependeitces |3] and the value 

6/5^ - a w 10“* ‘ year’’ [6.14) 

has recently been proposed [liSj, Some tozisequences of a pos¬ 
sible time dependence of G arc discussed in Apjiendls 

6*2.4 4 ffenarel thsar^ 0/ X = 0 edavn 

}io convincing ovidonce is avanable for a non-iero value 
to the casmological constants For this reason one putp X h 
in many Investigations and such models therefore par¬ 

ticular importance. We flow discuss these cases, Because of 
eqn (4*14] one expects oscillations for 1 * *1^ since the 
energy is ihen negative* and indeflntte espahslon for A * -I* 
since the energy Is then positive, the cnlcuLations below 
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canfim this in 

TskP ss the main equation (S.9J in the foim 



and define n new dimensionless variable m hy 


SB 


fen SI 


B ■ (fc * +l or -^IK {6.lb) 

a 

Sinte ^>0 by definltionp u is Jilifays renli biit for the case 
Jk = +1 i* restricted to values hetween *1 hy eqn Ce*3>* W? 
now dijcufts the Hubble parHneter, the decBleTatlon parometeti 
and the age since the big in turn. 

tl] I'rom In ff • In Cfo^ * Z tn. k* and 

eqns (h.lS} and (h.lb^x 

H = ^ — 

"flu 



Hence 


where 





C&.171 


The dependence of is on tiirie Is o-btained below» 

fii) dmc^lemtii^n paj^drflrtitap. From eqn with 

X * Dp t^-lS), sfid rbil6)t 




M . J^tc/Zfl^t ,_ ^ . 

1® ic/uV - fce® (1-Itu'') 
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i . e. I 


2(l*SiU^) 






0] 


re.IS*) 


The case fe • C will he Ignored here es It has heen discussed 
in Section 

fiiij fh^ Fron oqji [6*17) 

fU Z 


‘ ■ I • I r “ ‘‘“f 'i; * ^ 


where 


/i.) - 

I a-ku^r 


sin*' w - fJ{ - +11 


- 5inh"^ u = “1) 


The evaluation! of the integral is discussed in the api>endi^ 
at the end of this chapter* GleHrly the present ajie is 
obtained from via eqn By multiplying eqns (h,17j 

and fb-lQ] one finds the ege, expressed in terras af the 
Hubble tirae 


^ • fft - ti"*{i-*!w^i‘* ft»). te^Eoi 

'h 

Using eqns (b^ia*^! and 16^29), t/c„ can now be' found as a 

H 

function of q* The graph of this function (Fig* 6*1) show^ 
that the time since the big bang drops below the Hubble time 
as a result of deceleretioji. This result is easily understocd 
if it is recoiled that a decreasing 'velocity of expansion' 
h iaplies that the function Bit) is concave towards the time 
axis (Fig, 6.7)* 

Note that the present Value of q is important in two 
ways: it determines the type of ,1 6 universe by eqn [6*4]. 

It also determines the present value of u by eqp (6*IS')* 
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FIG. 6,1 THb tiTnp linc« Xh^ fcfijt hang in itiodBli with i = 0^ 



FIG. 6.2 P&jsible rail verses fur i = 0. (Eisy £br Fi^a* 6,1 artel 6,2: %9 

thu lifflB aincff the hig bang corresponding to m universe with ^ • £J* la 
the tiee since the big bang corresponding to a universe with 
ia the time since the big bang cor reapondlHg to a tmi verse with 

This 3 ?irldB the time since the big hfling in units of the Bubble 
tiM by eqTi (6,201, Thus the present vnluo of the llubble para^ 
meter fixes the tine scale oE the espannion^ 
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The constraints qh aro in the nnin the foltoeing, 

M Recessional velocltiesi These strongly suggest <^^<2 [cf. 
Section 11-Sji- (h) The oldest Stars are tho^e of the globular 

clusters„ for which theories of stellar evolution suggest ages 

This value yields 


of the order of H ■( ID' 

!ii > 


-H 


n 


years [6]. 
^ 0i78 t i 


'Jn £ ‘''2 


vhere the recent estimate -v 18 i. 10 ® years Jias been adopted, 
[cl Since any givon radioactive element decays at a constant 
rate, the ratio of its ahandance to the ahundaAce of its decay 
products yields the average s^ie of the radioactive cleKient. 
Applied to heavy eTements, one finds ages of the order 
li*7 ^ 10 years [T] , and the tine since the 1-pJ-g hang he 

greater than thig value. In this' case 



lie? 

TT 


a.6S, l.e, < G.SS. 


Mere grneral ine^^uall t ies ,k valid for k ^ d, are discussed in 
AppeTidix C, (d) The ittas,^ associated with galaxies yields den¬ 
sities much less than the Critical donalty eqn C6.S). sug¬ 
gesting via eqn (6,11) f&r A = 0 mudcls that is much less 
than D^S* fel The deut&rluin abundance Is a very sensitive 
indicetuT uf the present mass density of the universe, Deu- 
tcriUBi was forned in the first few mlfiiiteA after the hif bans, 
and If the density then was too great, most of the dcuteriuni 
would have hoen turned into heliu-m. Thus for tho cosinological 
element formation to leave us with enough deuterium at nresent, 
the density of the present universe must be low cnouah. sav 
abaut. 2 J*. iO gm cm fBl* This yields -• 0,]. However, 
all these estimates are subject to uncertainties. For eaainple, 
should It be di^covereit that deuterium can be produced in 
supernova explosions, then the present deuterium nhundnnee 
would not he entirely due to its production in the big bang, 
and fljj could be larger, as already noted in Section 1.4, 


6,2^S, fhf k = *1 euae 

If if = +1, it is easy to see fProMem (6.2] and Pig. 6.5) 
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FIG. Hubblff pjirannicT H and decelerstien pisrwnrter ^ far b modtil vizh 
A = 0 and ■ U Thu nodil is capable of one oac Hint inn ami rc-achcS iti 
masliam ejeteiit »t a tlMa- t * I !(/2) after the hljt hsna- 


thdt SMn after the biE baDg tht Jlkjbblr parameter decreases 
from larg® values as (2/3t), while the deceleration parameter 
is 1/2^ As ff BTid ii lactea^e with time^ H decreases further 
and q increases until, at u * 1 , the scale factor ff reaches n 
adxinura value if given hy eqn At this tlmep which we 

denote bv c - t ^ W “ D and e = “* Sitice the second deriva- 

* 

tive of M is always negative for modeli^ with X * 0 (see eqa 
f4,23]lj the attainment of the flifljcimtiiD scale factor Is fol¬ 
lowed at once hy a contractliig phase in which decreases 
from H to lerOp h increases from saro to Infinity* and <f de- 

Ftl 

creases from infinity to 1/2. These details' follow from the 
time-reversihillty of the equation of motion* which also 
iinplies that the time for b complete oscillAtioni in which J? 

aoes from iero to and back to lero.^is F “ 2t + 

^ a rt! 

r^iven this Bcneral picture of no oscillating uni verses 

one pay ask £1] how long is an oscillation* what is the 

expression for T, an-d [iJ] how dees the masimum estent of 

the uiilverse copparo with Its presont eitont, whet is the 

ratio F The answer can be Biven in terms of the present 

m o 

value of either the decoloration paranicter q or the density 
0 ^ those quantities being related through eons (h*l] anil 
£4,24) with X ■ 0; 
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“ *^0 * V^PcO* 


The time T found as the first time after * 0 at 
vfhich ff ^ 0 and heixM ii =■ D, From eqn this is 


r * - sin'^CO) 

<L 





r can be found from ettn (4.3&J with ■ 0 and with ra- 
placed by according to eqn fS,21). The result Is 


r = 


2^, 




3/2 






3/2 


(6-25J 


since q^j>0*S for k - *1- 

The present value e£ the scale factor is found from 
eqn (6*18^ with k • +1 and is 



comparison with aqTt gives 

'.■'”0 ■ ^ «•») 

ns the factor by which intergalactic distances^increase in 
going fron the ipresent time to the time of pahiitiUTTi scele fac¬ 
tor. 

As an example p coitaider the estimate ^ Ititroduced in 

Section 0^23. This leads to 


f ll » IP^® years; 5 [^*25) 

s 

where the estimate 1*8 w in^^ years for has nlso been 
used- Note also that decreases towards the Critical 

value 0*S, OT equH^alently as the present density decreasei 
towards the critical density both f and increase 

'■CD m 0 

indefinitely; the universe finds it increasingly difficuli; to 
muster adequate gravitational attrectiort in order to contract 
again* 



m 
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The % * -1 traaei tfr# WCIn* m^det 
Khilt W Osclllatioti occurs for fe * +1, indefinite espan- 
s.ion takes place for k ^ -1, as noted In oqn The 

d^Tianiicnl paraaoters are |>lven directly hy onns [6.17) and 

(4ja)j 


■ 






1 


£6,27) 


It is seen tKftt beth decreese steadily as the eKpanslon con- 
tinues CF1 r+ 6*4)* 



FIG. 6+4 The Hubble parameter B and deceJerati-m paraineter for a nedel 
vith i = 0 and is = «1. Thti is an It (iffinitely e^^pandint n.pitel. 

After fl sufficiently loti^ time In a [Je ■ -1^ A "CJ^modeJ 
the scale factor is so large that the differential eauation 
gQvemliiE the expansion thereafter can be takeii to be 

t i*e+ If = eit„ (6*28) 

In this {terminal) psrt of the history of the universe 



302 EO^^f; ElWtJ mmu& 

H ^ 1/t Snd ii * 0. iS.29} 

SiTt« the deireleratldn parueter is zero in n model specified 
by eqos and BVOT^ ^a.lsny noire? with ooitstant 

speeds This is therefore the Milne tnodei Introduced in 
Section 

ej*S. rtOOEI.S OF iBm TOTAL ENERnY 

These models are specified by ft. * 0 In Newtonian cosHiolBgy. 

The basic differential equation hecortes 

~ [6*30) 

This equation can be integrated. To see this one can change 
the dependent variable by poans of a constant &, to be deter¬ 
mined later* a? folleiffs: 

V • &/?“'. -sbV^^ = 

It follows (hftt 

In the last step we have chpsen 

a * 2 x/^e, 

which conveniently removes some of the factors from the dif* 
ferentlnl equation^ The equation now 

--djL . dt. 

/[3w+y‘i *11 

Integrating from t =* when it is assumed that ff - ir 

^ * 0* one hn$ with a ■ y + 1 

-t or f"- p~ - 

i /(tif+ir-i) { /(!j‘-n 
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The laft'hand aide is a standard Intejiral which yteids 
cosh'^a- Since cosh s = cosh 0 ■ 1* so that the 

lower Itialt of the integral con tributes cosh'^ I - 0. It fol¬ 
lows that 


cosli[/(3A}*J- fl - y * I - ♦ 1. 


]Hence 


• co9h(/t5Mt) * 1 (6-31) 

Two cases ariselin this riddel. If the liodel Is an 

expanding one^ Indeed for large tines one approaches the con¬ 
dition of an almost enspty universe with 

- II ' J cxp5/(3MtJ (6.32) 


SO that 

JJ(t} - 9xp|/(V3)t| 

if - /(VS3 

q - -I * 


[6.33) 


This condition of negligible lurttnr density Is approached by 
many indefinitely expanding raodela and it is sometimes 
referred to "as the de Sitter model, 

It Is a fairly simple matter to obtain the Hubble para- 
meter and the deceleration parameter 

. /f.s'* sijih /i:3i)(t -- 

'' UJ ebsK - 1 


^ . 2 * CQsh ('t.Ulfr 

'f 1 + c&sh * 


(6.35} 


Eqti {6.34} is found by UlffeiroiitlAtiRE; 9 <|d {6,31} vith I'es* 
p«Ct to tiino and multi ply inf;''the result by to find 



1C4 
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* 

• I - /fJA) sinh /fSlH. 

^ ZkR^ 

ttii. 

^qn (6*34) follows by using^ cqn f6^31) In the result * 

To obtftin eqn (6*3&K dlfferentiationa o£ eqn (6.31) 
end AUlby C/iXuh^ yield 

TT “ cosb[/C3^i3tJ. 

» • ARR^ 

On tho left wo hnve J - The rifilit-hand side involves 

nh^ whicb is, by eqns C6.30} and (6.31), 

c[ii-y - f(i+|[cDsh 

- jtl + cosh /(3JL]tl 

Hence 

I - I - |tl + cosh 

end this yields eqn (6*351 In the for* 

- K' 1 + coX /{S\U ’ 

In the limit X D one can ua« 

sinh * ^ * yft cosh X 1 ■*■ ^ ^ 

to again find the charflcteTigtics of the iinstein-de 

Sitter model* 

Recall that far a real a 

cosh ia * 

It follows th^t If X<Dp eqn [6 31!) bocDDies 

• 1 ^ cosf/[5U| )tl 
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so thtl 


Ids 


fff*} 


r 1 

[■mri 


Il-C05f/t3|^|un 




This is an -oscillaiijifs model, and the forpiwlfte pbtfliripd in 
this sectian ean be re-written for this case hy mfikin^ the 
appropriate transitions from hypeTholic to trigonoMtric 
fuiTct ions. 


6.4, mnEL UNIVERSES IM miCU THE COSMO I CAL FORCH 
PREISOMINATFS [C • 0) 

The cosmol^?gi^Ial differential ecin [S.9) has s number of fea¬ 
tures which are of interest in areas hej’ond cosiuology* In 
order to make this as Clear as possible, we shall in this 
section consider a slnple problem of mechHtiics Bfid re¬ 
interpret it in ternis of our cosnolo^lcal tnodel at the end, 
ProhNw*. A small channel allows a particle F of mass m 
to move on a straight line through the centre^ 0, of an 
otherwise uni form spherr of density p, radius and sur* 
face inward acceleration Discuss the mot ion, 

assuming the particle neyer leaves the sphere* 

5oliitf0nh 

ti} r?f# as Hon of Jirotfon, 

When the particle P Is at radius Jt froiri the centre* the 
force acting on It is duo to the mass within the radius 
The mass outside thi^ radius represents a sphericaLly sym¬ 
metric distribution. Ono may think of it as generated by a 
set of concentric spherical mass shells and these do not give 
rise to a force at internal points^ The equation of motion 
Is there fort? 


where 


4n S 

"S^ 













We have used the fact that the surface inward acceleration Is 
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^0 * 

the si^ji shows thot, as x ^tows,^ the particle P is subject to 
sh incteasingl]!^ stroril Acceleratlon in the fif^^ntlve f- 
directioitf iiOi towards the centre Cl of the sphere« On the 
other hand* wheiii P lies on the other side of 0, so that s Is 
negative^ then 5 is positive* Utis shows that the accelera¬ 
tion is in the positive ar-directioA^ a^nin towards n. 

It grows again as |x| Increases^ One can thus see^that the 
particle will oscillate about 0. 

Motion specified by the equation 

(S.3tl] 

hcU knoh'fi in many ^ituatinn^/and cHll^d nimph^ h^^tmo- 
ni& PToCiVs* In the present case* however, it is physically 
clear the restoring force increases with |r|: more and 
psore spherical shells of inntter act to attract P as |af[ in- 
creases* Thus sipple harmonic motion is here not assumed; it 
results in a mathenatlcally simple way from the given physical 
situation. 


(ii3 o/ reffHon if piSrttele left th^ /iphir^ 

The renarlj In the prohleoi that Uhe particle never leaves 
the sphere* nust now;,be iiaad^ For if the particle left the 
sphere, then there would be situations for which the 

sphere would act as if qH its mass were concentrated at its 
centre and the equations of notion would be 


mx * 

flTt ^5 
* - 

* “ Q. ff? fir Jf 

£ 

£t3*A] 

t6.3?i3 

= 

o. m R s ' 


ts < -J?] 

{6.4(5) 


For HOgntive a: the acceleration is, by eqn (6.401^ in a pofff- 
tfo* direction, i.e, towards Op One sees th^t the attraction 

V A. 

bach to the con era weakon^ for |^|>f as [^] increases, as 
one would expect;* It is easier to jump on a mountain than at 
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sea level* lo ardtr te keep to sut conventlpn we ^eed 

the two equations. Fot i eqn? (*i,37j and becoiThe 

Identical and for i eqna (6,37) and (b.-flO) become iden¬ 

tical, ms ia needed for cronsisreitcy. 

(iii) of motion 

The solutlan o£ a second-order differential equation con¬ 
tains two constants, A and B say^ The equation is 

f b"£, a" • (6.41] 

and its solution cmn be written 

# * A sin at •* 3 cos at 
i • ti (a cos at - b sin ati * 

In order to identify those two constants, two conditions must 
he itifhosedt These will be taken to be incorporated in the 
fonowlnis; 

The particle is released with velocity o, at 
radius r| within the sphere. 

Fut raathewntically, are requiring that 

at t - 0 : - Fj whence b - r^ 

at t - 0 ;jc=Uj whence A * Uj/oi. 

Conditions of this type which specify a physical situation at 
the beRinninit or end of a deveiopiUK situation are called 
boundarj^ monditionB^ They enables us in this case to put 

^ * (v^/a] sin at + cos (b.lS) 

i * cos; at - ar^ sin at* 

(iVj Tb* cnerl^ aquation 

The solution (h*45* &*4bl has the obvious property that 


f&*UJ 


{6,43] 



loe 
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jj + a «f ^ ^I * ° " ii^dffs^inlenE of timo. 

Since the right-hand depends only on constants, the ex¬ 

pressions [C#47) are Ifidependent of time. A function nf the 
cDDTdinates which Is constant throushont the motion may be 
called an af- tka Mifuationn motion* The fom of 

eqn (6*4-7) suggests that we are dealing with an energy equa*' 
t iofii 


E * k ♦ h nrtS^sr^ * k + h ■ constant* (■6*4^13 

To check that this i% so raquires the evaluation Of the pottn- 
tial energy of the system. 

The potentiBi energy of the particle P at position a ti 

2 

□btainsble as follows. The force of attraction is -a mzt and 
if the particle moves away from 0 fi.e- in the positive direc¬ 
tion} it is subject to the equal and Opposite force mt which 
performs work a^irf^ (la. Integrating over a whole path from 
to jp* yields the increase in potent ini energy In taking P from 
to 5 :, and this is 

I ..2 , 1 3. 

% fX mix -Xp)* 

If One takes the potential energy zero at 0, when ar “ 0* then 
one finds the potential energy correctly with respect to this 
rero only if is taken to be tero, VMth this sign coiivcn- 
tion,t on* has indeed Interpreted ^5.48} as an energy equation. 
One has also made the potential energy always positive ■. so 
that £ is always positive. This contrasts With the gravita¬ 
tional potential energy, which was made negative. 

[v] for d ^pMptnta osefllcitfon gravfty olon^ n 

e^nnnel pitasln^ tkwou^k thm e«aSp# of the Barth 

Any simple harmonic motion has a built-in perlodin 

time, y say, of oscillation^ as hai been seen intuitively 
under [i] above. Algebraically, one observes simply that 

= siftJa(t*^T|, CO* ot = 


sin at 



SOME SIMPLE h'RlEDH^ 


im 


which shows that 


t - § - 2Ti/Cfl/g^), (6,4 9] 

Traatin^ the Earth as uniforia and spherical (both rather rough 
approxiiTLBtions}, one can substitute 

B ■ ^*3-7 w 10* Hij = 9*S1 m s"** 

In aqn (S-49} for the radios and the sorfacs ftrsvliatloftal 
acceleration^ One finds 


r * 2n 


K luoc 5 - 


S04S s ' 


£4^1 minutes. {6^50} 


The average Speed for the complete circuit is 


4 « 6,3? ■ 10“ 
S. 04 S w ID^ 


SObC m s 


f^ch • IS. 34 l^Bch. 

(6,51) 


he have here taicen the speed of sound (about 51€ n s~^ in air 
at 0*^0 as a convenient unit of speed. 

The quantity u has the general characteristic of a spring 
constant. The larger a, the JBore rapid the oscillations and 
the less the maMiinim distance of travel from the attracting 
centre, if all other quantitlei are kept constant^ 

The simple theory developed above will now be applied to 
investigate the effect of the cosmological force alone on the 
dynamics of the universe. 

The cosmological differential equation for s model uni¬ 
verse of negligible mass density (C • 0) is, by eqn [S.9) 






( 6 . 11 } 


and has therefore the form t6.4B), provided we change the na¬ 
tation as fallows 


s ■* i?| 


2 

t! t m 


k 

I- 



ITT 



(6.S3> 


For such A nodel universe to be an oscillating one, a must ba 
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real by eqn and X therefare negative by eqn (6,S3]t 

rnspection of eqn £ft^S7) now shows that 3fc -= -1* The scale 
factor is then subject to osciltatioii^ with period 

f - ^ • 2n/f3^|At3, i,tt. |X[P^ - (6.54) 

It is now the cosnoloEical force constant \ which has the 
properties of a spring constant. One sees that the freater 
|AU the Mre Tapld the osclUatlons: X corresponds to a 
single-particle cosvological attraction in the sense of 
Section It is believed tbai if k is negatitro then 

|i| <3 X 10*’^ s‘" Ifr.SS) 


whence 


T>2 *10^*^ years. 

If the ^ero of cosnoiogical tineHs taken at the last 
time of feKtretfie coiffpression^ then " ^1 * ® Hubble 

parameter can b* obtained from eqits fh ,451 and f 6 , 4 fi]: 

sin at + ff(t) • o/C3/|^|) sin(/[ | A j], 


- «[«) - I 


rW 


^ tan at ff tan [/( | A| /S) t] 

The deceleration paFametar Is similarly obtainable from 


(b.S&] 


x5 2 

• tan at 


tan-'(/(U|/3U3 


(&-S7T 


£ 

The model expands from i ■ 0 to 3 fTt/J]!/[J/1 * kt 

that time it reaches a ■aximuta radius 

which increases as the coamoiogical force weakens. During 
this period, the Huhble parameter which InitiaUif decreases 
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frora positive values a^ 1/t drops to stro (see fip, 

6*5), THe decejeratlon pomweter Increases to infinity sucii 
t tiiit 

|flle)l^ «(t5 • -j (6*55) 

reiftains eonstaai thraughont the period. There tkeo fonows a 
period of contraction also subject to ecin and the state 

of vsTy imall Rlt] recurs at t = when there is b singulnr- 
ity, during this period the Huhhle paraneter Lncrevses froin 
large and tiegaf iye values to rero- Whether pr not re-expansion 
occurs is a difficult naatter, Already referred to in Section 
6 . 2.1 . 



FIG. Ttiu l^hhle parwfter ff and deceleration pariincter c lor s iwnlel 
hlth C * Thii ia m oacU lilting model thlch reschea it« marimiij] 

extent foi- Uit firsl Ti™ after the in Still e«plP 5 lDn at tiine 

APPENDIX TO SCCTlOxN ft.2.4 
A Cnttj/pa'l 

With the substitution Ji - sin &, 



lU 
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t.J - 2 I 


fl - 2 

sifi ^ cos g dJ& 

cos a 


- 2j ds 

0 


r=>' 


cos 2&]d& * d~ 


Sin^^k - ii/f l 


SiTliilsrlv the Sybstitutian u =■ sinli d results in 


i /[1-U‘) 


sinli S Msh S-d 


= - siiJi^^ H. 


PROBLEMS 


Qn 

(6*1] Show that tho results derived in Section 6.are in 
agreement with those which would be ubteined from eejns 
(4.24) and (4.271. 


(6-2) Show that in the initial stages of a big-bang universe 

Be ^2 I 

R " T* ' ^ " 3t» ^ ^ 


and 


6tt 


1 . 


(6*31 AssUiae that we are in the early stages of a big-hang 
uni verse. If 'the |^reSeJlt* curresponds to 

t * ^ 10^® years, 

whflt is the present mean density of the universe'll 


(6.4) Assume that we live in a big-hang universe with A 0 
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as discusstd In this Saetion. If * 10^” years is 

the present value of the iTublite constant, what nrust be 

the least eqvtlvslejit mass density at present which 
will ensure that the model idl an o^cillatinit onef 

E6*Sj A straight channel contains a fixed particle 0 of mass 
W at its origin I while another particle P of mass m floves 
under gravitational attraction away from flj so thot its 
velocity tends to zero as x ^ OP 

discuss the motioni What is the velocity of P near 
j ” Q? Specify the cosmological madel which has the same 
formal structure# 

(6.6} A straight channel containa a fixed particle of mass 

M at its origin O, While another particle P of mass m 

moves under gravitational sttractiorii^ and has a known 

velocity at OP - Let HP he denoted hy and let 

the time Eero he chosen when the particle is started off 

from 0 in the positive je-direction# 

[ij Show that there exists an x = fposltive, nega- 

tlvtf or infinity] at which the velocity of the 

particle vanishes and find it in terms of and 

Vjj, Explain why is an 'effective* coordinate 

value in the sense that in sOTue cases the particle 

will never reach thia coordinate. 

(il) Using the substitution x/x, * sln’"(M/2), show that 

* 2 S 

the equation of motion is with a = given 

hy u * a, md that the total eaerRy is 

I ^ -CtnMfs^. 

(iii] Show that for >0 the relation between x and 

the time t is 

- \{u-iin u) - sin-^(l^) - [ (^) (l 

Show that the time for a c&ifiplete cycle Is 
T - 2n/a ^ 

£iv) Show that for the relation between x and 

t is with V * iu * real 
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- Msifth ,r-vT = [|^[’*(l.|^|)'*j-,iT,l,-l(|^|^) 

fvl Interpret the flhe-ve problem in terms of a model 
tiniverse with A " 0, 


^ SmS 

f6*7) Ohtaiti esrprescions far the [[uHblfe constant and the 

deceleration paranieter for a model having H ^ 0 and A < 0. 
Chech that for ^awll times they have the valuei^ nnoro- 
prtate to the Einstein—de Sitter model p 


Ofi ^Bot’Ce^ft ^,4 

(hplj Verify that the model dijsens^ed In Section t* I satis¬ 
fies eons £ 4 . 24 ). (4.17)p and (4 p2S)* 



7 


THE CLASSIFICATION OF THE FRIEDMANN MODELS 

7a, DERIVATION OF THE CRITICAL ?ABAMETER$ FOR TOE STATIC 
MODEL 

It is possible to write the differential equations for S and 
in terms pf a characteristic scale factor and a cFarat- 
teristic cosmological constant , Tn order to arrive 
at these quantities in a natural manner w* shall consider the 
equations S * 0 and J These have tp be fulfilled if the 

universe is static. As Einstein's original cosmological ideas 
o£ 1917 implied a Static model universe» he had to introduce 
the cosmological constaiit X ad ftcre, and to give it the precise 
value k*, The iiivestigatlDn of this section is therefore not 
otily of intrinsic» but also of spne historical, interest. 

Two equations are needed, one for X* and one for in 
tenas*^of quantities already defined- The first cqustign comes 
from the requirement that 

s - • ^ ^ (S.IS) 

Zff*- 

shall vanish when B * and A =■ Thus 

2P*^\* - 3C, that X">0. 

Using this relation tg replace C one finds for our two eqns 
(5^1S> and still kept general^ but expressed in terms 

of A* and R*t 



We nov use the fact that we want * f? at ir * ff*. This leads 
to the required second equation for the [j?*,A*)-pal r of 
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conetJLnt54 


2*1-^ 






Since V*>0, this can he satisfied nnly if fe ■ 1 ond A* • 
One can summarise our results as fellaws: 

T/. J * J 

A* • - -2_>0. 

2e' (?** 

Our twia' genernl differcntiAl equiktionis ran be btfrlttcns 




" ” Tc 


r [• m 


S*\^ A fl ] 



Zk 


k 


Md if we now introdMce a diji^nsionl^ss stale factor and coa- 
molegical constant 


s ■ iff//?*, a ■ \/k* 




the equations becotw 


- e{“ * a*“ - Sl(| . ny (7.33 

X = e|^ * aarj 5 BU f7.43 


■6 2 

where & ■ 4tf /27C and u are defined as functiotis of 
k by eqns [7,3) and {7,4). 

Eqns [7-1) to (7-4) contain in a convenient form al4 the 
information needed for a complete classification of Friedmann 
models- The major distinct ion to be made i$ between 
Uting* Slid ^cantinuously expsniltflil' MOd«l universes. Tioo 
remarks are in order here. First* since (7,3) does not deter¬ 
mine the sign of it does not distinguish hotween expanding 
and contracting models. I^o choose to consider onLy models 
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which Atif cn^panding for at lout »me part of their history^ 
and therefore make the coriventioa that 

A DLcidei for which is never lero is said to be 
continually expandinji^ f7*Sj 


Second f osci Hating node is such as that of Section in 

which the scale factor passes through a naKiiBuiiif have « 0 
and therefore je^ * 0 at the time of mailmumi expansion. How¬ 
ever. i*" » 0 at time t i sav. is consistent with another 

H 

possibility ^ that the scale facto-r decreases from large 
values to a minimusi at time and incresEcs thereafter, It 
is a matter of taste whether such a model should be described 
as OBcillatingp since there seems no way in which it can re^ 
contract and repeat the cycle. In order to keep our classlft- 
CBtlon simple we make the eonvefttlon that 

A model In which tCTO at any time Is 

said to he ^oscillating'. [7.6) 


The Hubble parameter and deceleration parameter can be 
found from eqns [?..$) and [7,4): 






ox 



(7*7) 






— 


- -- . (?.&) 

2 ♦ ox - 3kx 

Note that since the deceleration parameter has the sign 

of 

7-2. OSCILLATING AND CONTINUOUSLY EXPANDING MODELS 
The condition for an ’oscillftting* model £s, by eqns (7,3) and 
(7.4) , that y becomes zer«. Now ^ » as « o, aad g has 

the sign of a for large enough a. Thus if a<rO (l.e, A<a} ^ 
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cbang^^ sign arnj tbercfor© hns at least one lerOi Purther- 
mor*^ 

, 4f * 2ax - Zifns -Ll 17.9) 

implies that if a<0, d^/ddr<0 for all r-^ For each value of 
It there is therefore ju^t one tero of y ^ at jt * 4 ir^* SWf t jsnd 
y>0 only for (see Fig^ 7*l{a})* It follow^ that 

WodaJa t^ith X<0 upt ^opoiltating * f£>p k *= - 1. I?, 1; 
a»I# factor ^cse through c maximum. 

If a>ti it is evident frora equ (7.3J that ^ is large both 
for mall and for large f, and from (7,9} that dy/df * 9 at 
just one vaiua of 37 ^ t say. Tli is value of x must oorreapond 
to a niniTnun value of ^ (see Fig, ?,l(h^c}),. So we define 

If a>l £i-e. A>A*} then for all 

values of x, so that 

k ■ - 1, D. 1, a.u) 

if 0<a<l [0<1<A*) eqn (7vll) shows that f°T 

fc * 0 and and w , <D for k - *l isee also Fig. 7,l(s;))* 

^ w 1- n 

It follows that i Is never aoro for A =► fl and -1, Imt Is roro* 



FIG. 7»l The fi^nctlen y (jirl defJiied by £7^31* for various vfllues i>f k and 
u. Only non-negotlvo value? of y represent attoinoble states of g nodel 
UTil vsT-se - 
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for semie values of x, for k = +1, so that 

Hcdffl^ with D<i<A* nr# tftfpaniinflr /f>r 

It * D and ' Ij ^ /sr Ic =- +1- {7-13) 

The A * Cl nodeis have been include^ in (T^13] by referring 
back to eqn {6.4}« 

The 'oscillating* nodels with Ci<A^A* and h - *1 are of 
two types, Since but j? is positive for both small and 

large y must have two teros, jr^ and (see Fig, 7.He]). 
$uch that > 0 for and Tor This Includes [D a 

model in which the scale factor increases from lero to b majcl- 
mum value and then docreaFes to lero. It also includes 

(li) a model in which the scale factor from large 

veluaa to u minimum value and then increases without 

Limit. Model fi] is not quolitatively different from the 
'flfCillating* models of [7a0j* Model [il). however, of 
Special Inieresi as the fir^t Friedmann m&d^l have 

iff ntv^T o^f infi^ifx deai^it^' and huM no 

The only sntwtels not included In the cUssiflcation of 

eqns [7*10), 17-12], and {7.13) are those with X - X* fa " I), 

By eqn ( 7 . 11 }, these have a inlniminn value of given, by 

*.i. ■ 

For ft ■ Q mid -L these models therefore have positive 

are expanding* For Ic - *1^ however, ^pto, and this 

zero corresponds to the hinstein mtatic universe ix • a. ^ k = 

I and so from eqns f7-3J and ('^-4> £ • ^ * ftH Heat x ■ 1 we 
can show that e ^ 1 * t esp [t ft-r j V) where is 

n reference time (see Problem 7*5)* Two possLbi11tiea are of 
interest. If x(£j) >1 Jind the ^ sign Is taJeen^ we have a 
model which was close to the static model (x = 1) in the dis¬ 
tant postt and is expanding awoy froin it, ihiSi the EddinRton- 
Lemattre model of 1^50—51, is the axetffld Friedmann, madml 
put 9 in\^utariti ^91 and wc shall not find any others i if on the 
other hsnd x£t|) ^ I and the — sign is taken, we have a model 



120 


TTJE CUASSIJ=If:AriON THE FRIFJUW^N POmtS 


expanding from a lero scale factor and ipproaching^ tjut Ttever 
reaching^ the static addel. These results can he sumiuarized as 
follows^ 

Afodaiif uttA A ^ A* are 0&nt{nu&uMty expanding for 
fc ■ +1, Oi flud -1. For k * ^1 tA# acatM hoImo R* 
of tAa footor uatii aa a hohrtdnr^ Mnnat 

bG ar&Bmmd during thu tf,xpana.io?i. (?.14) 

THE SilAPl Of THE FU) CUhVE FOR DIFFERENT MODELS 
In order te disciisi the shape of the Fft) graph ne consider 
the second derivative s given by eqn (7*4)* Evidently i Is 
negative for small enough whatever the vaJue of a. Alan 
£ is negative for ail ^ Lf a is tero or negative, while if a 
is positive a- heconiei pgsitiye for w;>x^i inhere was 

introduced in eqn (7*11)* S detemines the curvature of 

the 4;Ct} graph, It is now possible to sketch this graph for 
different models. Two main classes emerge; 

[al Big^batig *aai*illating models 

These occur for A<0 (see eqn (7.10}), and for 
0<A<A* and k ^ *1 (see eqn P-lSJ)- l7i all cases so 

the graph looks like Fig. 7*2fBl. The deceleretion parameter 
q has the sign of and SO is positive. 




FIG* 7^2 Scalv factor as a function of time for two eljuses of mo^ei, 
(■} aig-bang osclllatltti ^dels* fh} IfedBis with X * 0 which expand 
Lndefinltelyii 


(b) Big-^bung wftA X>0 %^hi&h wipond ind^finii^tlg 

These occur for A>A* (see eqn (7.12)) and also for 
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If fc » 0 or -1 tsM cqn 17.13)1. In these inadels 5 
changes' sign at S • ■ fl,, and the oxt^anslon rate also 

goes through a winlitiiiin at this value of ff Csee eqn (7.11)). 

The graph loolts Uke Fig. T.Zfh), and the deceleration para* 
meter changes Sign from positive to negative as Jf passes . 

7.4, MODELS EXHIBITING A HININIIM IN THEiH EXPANSION RATES 
The requiTement ^ = S - 0 leads to the static Einstein model, 
viherens the less restrictive requirement that A = d at some 
time Loads to the 'oscillating' models. We how consider 
models which have ^ " C at some time, and which therefore oi* 
hihlt an extremum in their expansion rate A. In fact, only 
a minintin in the e-xpansion rate is possible. The condition 
for this to occur is 

i = 0 i.e. m where aXj^ = i. (7.IS} 

The minimum r/te is obtained by putting eqn [7.15) into eqn 
(7,3) to find 


-ft). (7.16) 

A minimum exists for k • 1. [), -1, hot it can be laro only if 

• 1 and k ^ The second clASs of models considered in 

the preceding section is of tkls type. These models are of 
interest in that their age can exceed the Hubble tine, as fs 
sho^n in Fig* ?*3a Indeed if Is - L the age can for suitably 
chosen X>X* be HTbitrarily long. This will now be investiga¬ 
ted fsee Fig. ■?»4), 

Consider a Sfiiall departure in tf from ^ given by eqn 

(7-IS). Tot eKaiQpIe let Then the expan¬ 

sion rate Bt this scale factor Is given by eqn [7,3)t if the 
cubic teni! in A be neglected: 






[7,171 


This expression reduces correctly to eqn [7-lb) when A * 0, 
It also shows that the sane expansion rate will be found at 
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FtC. 7.3 Tlie Leiult^ • *t]i «ih$bltJn| Jncreaslna 

P«ricHl» u L apprtudios X*. (a) L/A* » 1.2^ (b] A/A- = 1,0S, (c) A/A’ = 

1.01. \t E>Dirit A the Ilyhble tlBE* divideii by the- uye It sn3y 1^4/4 ^ 



PIGi 7.4 h model with n ulniBiiiB in its cKfianslon. rale. 

=" For *1 "It for a - 1, the rate 

is thus seen to V«ry sittall in ths scale factor rangt 

But the corre^potldlnis time Interval t need not 

he small as will now be shown. 

Fig. 7.4 shows that Z^/i, Is an underestimate of (i) - ami 

^ £ 

an overestimate for (rj, . Hence t is eiitap$u]ated within two 

I ^ 

ineqiiallties: 
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This tells us th^l 


16 — 

Xj -^1 1 

SO that T^>4/3e if ic^ — a « 1* It sho*?s thsi for jj ^ \ ~ n 
(n^l) the Binitnuiii rote I " whSth is tiear ;ero* Catt 

effectively continae for an Interval of which need not 

vanish with h. 

During this ^toesting^ period the scale factor lingers 

I 

near the value , Models with b long coasting period were 
first considered by LemaTtro^ Apart from allowing an age 
greater ihen and thus avoiding cunfllcts of evidence of 

the kind mentioned in Section 1*3, they have another property 
of interest. According to general relat i vlty p^^as noted in 
Section 10*7, the observed red-ghifr of a source depends Only 
on the ratio of the scale factors at the ti^es of emission and 
observation of the light by which the source is seen- Thus, 
in a univorao in which the scale factor la roughly constant 
for a long period, many sources should be observed with red- 
shifts in a single comparatively small range« Quasi-stellaT 
objectH were at one time thought to exhibit such red-shift 
clustering, but the evidence 1$ not conclusive 

The two‘fold classification of models in thi^ and the 
last section has left out several importiint models,, those 
with A 0 or At At* I and also the singuiartty-free oscillat¬ 
ing model of eqn (7,135- CiTaphs far these models are intlu- 
ded in Flg^ 7.S, which smmnaTLTes the inaln results of this 
chapter. The figure shows that indefinite expansion is en¬ 
couraged by either increasing A or by decreasing ft through its 
permitted values t = +1, ft 0, and ft * -1, This can he 
understood intuitively since the cosmological force i-s increas- 

C:' 

ingly repulsive as A increases, and since* for given and A, 
the decresso of ft represents an increase in kinetic energy^ 

Both cendcnoles encourage expansion, Vote also that the 
singularity"free models, like the steady-state model, find 
difficulty in explaining the Bjerowave background radiation. 
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RG. 7^5 The Twiin tharactfri^tIci t^f Fri^djwmn »4«ilBi. 

ProfeJ-auTfl 

(7,1J do flEtJp behave after long tines In the 

Kddington—Leraattre node! (F>P*p X * X*)? 

[7.2) How do Hit}, behave soon after the big bang 

in the IN<N*, X ■ X*)-model? 

f7-3) &y puttioe 3 : • IqMIi in tqns [7.3) and (7.4)^ 

show that a small perturbation of the Elnsteiti static 
model [k ^ , X * A*) leads to an exponentjal rise or an 

j. 

exponential decay of r with tine* Plscnss in what sense 
this implies an instability of the Einstein static model* 
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BASIC EQUATION 

In this model tt is aL-Lsumed thjit the Huhble which 

his so far heen treated aa a function of tliaop is a troo coti^ 
slant* The tiiiiverse is in this case assuined to be iti a steadj^ 
state in sptte of the DKpansion. This ineans that matter crea^ 
tioii has to be postulated throughout space in order for the 
average matter density to remain constant in any volurae tle- 
inetit* It follows at once that the energy equation* whldh is 
the basis of the cDsmalcgicil differential eqn [S^31, cannot 
be tak<tn over as it stands^ since it does not contain a term 
which allo^c* for matter creatiori* However* the equation of 
THotion (S.HJ is satisfactory as it can be regarded as derived 
from the force acting on a particle (see eqn and this 

force need not be altered by the creation of matter. We pro¬ 
ceed to consider the consaquences of 
(ill the equation of motion 


where 


ji 

w 




( 8 . 1 ) 


C 





[li) the steady-state conditions 


p{t) - Pjj, flttl “ (fjj. CS-2> 

Net G, but only , la naw ^ consiuit since p(tl «u£^t be 

constant at 

From the definition of the Hubble constant we have for 
any pfllr of tiwes t, (cf. eqn [.2^10)): 



1^6 Hffi STEWflf-STATE HOOEL 

SciJ/SCtJ = Vg, i.e. flft) • ?Ct^)ifJcp{tfjjft-frp3 J. tS.S) 

Tt follows at once that 

. * “ 

^ 3 — fl fl* 

J?(e) - a J?(tK <1-- -1. (a.*] 

CoDbinatlon of eqns (S.l) and ($.4) yields an identification 
of the Kubhle constant 

^ ■ 3’' • T'Oo' ‘»-n 

This makes sense only if the right-hand side is [lesixive. 

An equstlen of this type uas derived from s model which 
assumes the proton charge to be slightly in excess of the 
electron charge [Ij- This theory was a generalitetion of the 
origins! steady-state theory [2] and previdetl s physical in- 
terpretation of the constant A. In this theDry X is not an 
ed hcc constant for a nosmologicAl force, hut arises from the 
assumed charge exce^s^ It will therefore he briefly discussed 
at the end of this chapter, even though it is not iti agreement 
with experiment. 

8,2- THE MATTER CREATION RATE 

In order that the density of matter he constant in time a 
creation rate g of matter per unit volume Is needed. In order 
to calculate It, issuuie radial expansion of a volume Vit) in 
time At to V(c+AtJ, The volume expansion Is best specified by 
imagining a imooth surface drawn through a set of named 
galaxies and thus 'froton into the matter^ Than if this sur¬ 
face is a sphere whoso rod Jus iticreeses from t ta r ^ h with 
h<F, then 

- [f(tr) ♦ 4nr‘ft - Vft) + At ' t'(t) * Af. 

This newly 'created^ voluinc must be filled by gslaxies of 
average matter density so that a mass 

Pg AV * At 



THE STEADt-STATE HDjatL 127 

is Dividing by and dt to obtain the creation rate 

per Luilt volotto tter unit timOr one finds 




t«.6] 


as 


Taking as about years" ^ pT j * 10 ft ^ Ofid 

Itg m'^ gm one finds 


• 3 ^ I 5^ 10^^^ 10"^** kg fi"^ s“^ 

- kg Iil“^ fS,7l 


This la eqnivalani to creating one hydrogen atosi per century 
in a cube of side approximately 100 ra since 




S 


10 


-4i 


H P 


" s’». 


It wuld be extremely difficult to detect such CToation rates. 

To see the error which we have avoided hy using the 
equation of motion* instead of the energy equation, multiply 
eqn ti,S] by to find 


5^ 


4ti 

T 




i 




The eneTgy eqUatlcpR vould have yielded the result 


U.8) 


^ ffPjj + |x 5* ♦ S/A , 


(8-9] 


and thia is seen to be invalid In this case se lonje as fi/jt is 
a constant. 


1.3- TI[E THEORY OF AN EXCESS PROTOHIC CHARGE 
We n™ indicate ham the farce ten* ifl can arise as a result of unEqual 
ctarfi** of protons and electrons in^a stoadf-state nodel. Let iBp be the 
(BBSS of a proton and (l+vl* its electric charge- The sass and chAtge of 
en electTim are and = -e. Consider a nass H of R hydrogeu otoms 

M = JfcT ■* ^ 

p E p 
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in the fern of a sptwTE of r«4iu* p within « cone out ric laTger sphtfc. 
The electrofttstic rirpaislcni on a h/dro^en mtds fitimted en the outer attr* 
face of the Inner apheroi due to the protonic cJiargo ci;ce»s« Is (in cgs 
units]. 


. 3iV 


The chu'^e outside the sphere hAA no effect for a uni fora distTibution. 

The UH holds for the gravlt*tlouAl effect. The gravitational attraction 
of M un the surface atoa is 




The ratio is fin 0^0 unltA]| 


F 2 2 

jfX 

^ Ok ^ 
P 


(8.io: 


The net repuldive force ±s, with W ■ 


^ Mf 

Since the particle is pfirtlcipatiiig In the tliilibie law enpansiem^ end putting 


i: = «r, = ffp* flJ-j - 


0.121 


where fK|n (8.31 has been uaod. From oqns (8,11) arnl 


- 1 * , 

- . _ ..-39 . _^'3 H _. 1 .'1 


(8.133 


Adopting cgs units ind g (8 + 13] 


>Aiiifb.67NlO [10^*^) 


(S„H] 
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Menu aqu (E.IQJ yields iiL cgi units'^ 

. , /(ft.67..sa IQ * . , 10-19. 

* 7.902 K 10“’'’ 

The theory therefore AUftfcsts that the ek|iiansion of the miivcr&e 1» 
lirfTdtT ljy-» dieparlt;/ cf clur^e giveii hy [ft, 14), Indeed, coniparlng 
eqns ES*SJ and [fi.13), the eUotro^tAtic repulilon U t» be equivR- 
Ivnt to the aristimee of a cDsmpIonica^ censtint 


In a Mdel yh±xh ii not In n steady state cne would haui? if ^ tdVSlpft)!?^ 
instead of {f>T/S}p^^ utd would then Tmt find an eqiilvalent cosmological 
cMitant Ld - id) ^ 

The theory in this single farm can be rejected on two cencluelve 
grounds. First I hy eqn [8,10] , the ntlo of electrostatic to jn-avltatio- 
nal forces 1* the for ail spheres of hydrogen, includinfi stars. 

The obsorved fact that stars ara stable asftinat their own radiation pros- 
sure then inipliEs that Ln tontradiction to *qn Cd.H)^ 

Second^ eKperimeiirts suggeat a li»it on y which is pnach lower than eqn 
caas}. In fftct jeadini to [3]* 


f In -SI units we have s 


1.^2 ^ 10 


-19 


C and 


„ . /t6A.7x4.1^aMg-^ il.97ZjLloi!i . 

when 6- = B.ftS • Fm"^. TJi* *qu*jre rwt tei* in tMe licnnoiliiwitM 

2 2 

arises froia the force Uw in SJ unltis^ which is e ^ 
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9.1. AM EKfiRGY CONSERVATION LAW INVOLVING PRESSURE 
The InteTesting and iurportant fuJlnt to mode now, and to be 
discossed in aare detail'in Section 9.2, is that for uniforin 
cosaologlcal models we have not gone wrong in deriving e»in 
fS.9) or fS.lSJ from Newtonian mechanics, for these results 
follow also from (eneral relativity and eqfl (5,9J holds for 
non-ioro fpressure even though the pressure does not occur 
e^licltly. An independent relation is therefore needed to 
calculate the pressure. It la given below as eqn f9.3). 

The geaerallzatlon of eqn which allows for a non^ 

sBTo pressure p ia 

® • • ^^fO+3pli/O^JJ» + yAlf (9.13 

The first term ia exactly the same as the first term in eqn 
[S. ISJ s 


- ■= * C/2ff* . (g,2J 

The last tern is also the same. The second term with u • 1 
arises from the general theory of relativity, when the relati¬ 
vistic field equations are applied to cosmological models. 

term asserts that the gravitational accaleration acting 
on a volume element ia due to the material density p to ufetnlf 
0 eej-PH propOrtfOHsI te the preaaMra tn tAe fluid haa to be 
&dd*d. This effect is closely related to the two relativistic 
notions Cil that all energy has mass, and (ii) that all mass 
ts subject to gravitational effects. The energy involved In 
this case Is the term pay, the pressure energy in a volume Sy, 
with which a material density 3p/e^ Is then associated. In 
the limit e-™ Talativistic results, tend to lead to correspond¬ 
ing results in Newtonian mechanics. Hence one can see that if 
the Newtonian picture Is taken seriously we might equally well 
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put ii - Dj and arrive agaiji at eqn (5-15)^ Thus the value □£ 
u distinsui^hes between two different theories. However, only 
the case u ^ I (general relativity) yiclils results whidip for 
the models considered here, would currently be regarded as 
correct- 

The modification given above to Nowtoniflii theory 
brought about by putting u = 1 does net involve the full 
apparatus of general relativity. One may think □£ it as New¬ 
tonian ^ amended by the principles fi) and (ii) discussed 
above* It will be ternBd the 'amended Neutoniaji theory\ and 
we shall proceed to develop it further^ and drop now the 
simple purely fJewtonian theory- tf in this relativistic (i.o* 
generalited) theory the pressure term is neglected^ one speaks 
of dust or inacher^nt matter. 

Although the matter density p has been assumed constant 
In spate at any one time, it hes been also assumed to change 
in time t* Thus changes df* in energy F, within a fictitious 
surface 5* which is frozen into the matter can occur in time 
iniervals dr. The law of energy conficrvatinn then requires 
that 


t9.3J 

where in our amended Newtofitan theory one can put E/r * oe by 
virtue of ti)* Eqn (§^3) attributes the rate of energy gain 
to the rate of compressianal work done on the matter within 
the surface S*‘ by the fluid eKtemal to the volume wUhln 

s* has been denoted by V* The re.^ult [5*3) holds for all 
unCforoi cosmological models also in the general theory of reJa- 
tivlty [lj| and is the independent result needed for the cel- 
culation of the pressure. 

In addition to eqns [9 A} and (9.3), one requires an 
equation of state for the cosmological fluid- This relntes 
its density to Its pressure* Several eKnmples will be given 
in Section 9.S- 

It will also be assumed chat a coa^itant rclaies the 
volume y of and thn cube of the radius of iS"^; this ia ob¬ 
viously yalid in Newtonian theory^ hut it also bolds in 
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B«neT-al relativity for flll cases of ioteresi in this book 
{i.e. for Aoberrson-Naiker metrics); 

V - ( 9,41 


Bqns (9.}} and (9.4) imply that 


a 

where p is the mass density and p<?^ the energy density. This 
is an equation for the pressure, a dot denating differentia¬ 
tion with respect tb time: 


- - o + ^p/k, 

OTI written differently. 


f9*e) 


0 , 

2 * 
P+p/fJ- ^ 


r^e7) 


This result ^ which Cttsifig eqn (9*4 J) U equivelent to the 
energy conservation flqrt (9.1), hoias for homogeneous nodel^ 
also In RMcrMl relativity, not only in the amended ^;0wtoI1{an 
theory, 

Kn addltioTial assumption involved in eqn (9-5) is that 
the processes which take place are ftlow enough for the pres- 
5uro p to he representativo of thermodynamic equilfhritwi. If 
It differed from the equilibrium values the right-hand side of 
eqn {9.3} would not be lero. For a change which takes place 
over a period of tine^ this meana that at each instant during 
this change the system is aasujriEd to be in theraodytiamic 
equilibrium. Such changes are studied in the scienco of 
tliermodynanics and are then called quaniMtsitia changes \2}^ 

In addition it is assimed that heat exchanges between dif- 
fBrent volume eiemeiits can be neglected. 

For rero pressure one finds from equns (9,3]^ (13*5), dr 

(9.7) 




Independent of tine, i.ea 


P 

P 


5 ^, ( 9 . 8 ) 



UNIVERSES Wmi PHH^SliRE 


133 


which we hn&w already frem our aero-pressure jNewtotiian model 

Ecf. eqn (S.^n- 

The first and second law of thermodynamica for fluids 
‘subject to Quasitatic procesies can he expressed by 

d£- ^ pdV - TdS, C5x9) 

a generalization of ettn [9.3)* Here f Is the absolute tem¬ 
perature and S is the entropy. This introduces a term 
on the riaht-tiHnd 5ide of eqn {9,5), a term on the 

right-hand side of eqe [9^6) i and tiodiftes equ {9-7) to 

4 - P— T ' , ^ - 1. E^ao) 

# p+p/s* ^(p+p/^") 

However^ the terms involving ds or I vanish for zero heat 
exchanged I asr usually assumed in this kind of work. This is 
forced on the present invest igationa by the assumption of the 
isotropy of the model, licat oxchartEes pick out preferred 
directions and so disturb isotropy, 

9.Z, THE DlFFERffJCE BETWEEN THE AMF-NOEP NEIfTONIAN Am THl 
RELATtViSTIC THEORY OF UhMFORW MODEL UNIVERSES 
It was seen in Section 5 ,.2 that nn equation of motion can 
yield an energy equation by integration. The genera Hied 
equation of motion (9.1) should therefore also yield an 
energy equation. lo s« thiB, multiply this equatien by 
and eliminate tho pressure by eqn t9*b) * thus using the anien- 
dsd Newtonian theoryp to find 

Integrating from a fixed time [say) such that R[t^) « to 
a genersl time, 

>3 - 2^ |*|uif^5*£3u*l)pflffldf + 

tj ^ 19*113 

For (1 = I for the cese of goneral relativity) the Inte- 
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igtHl in fiqn £3,11) is 

*J 

SO that 





l£ the cpnatant of integration is. denoted hy 




-fcB^ , ,£g I3J 

anc can i^e that we have recQverfd precisely the earlier sero- 
presaiire Meutoniaa eqn (S.9'], wJrtftp pangnf af yalxdity 4ap 
h 0 aH an^rmoual^ hroadanmdi it Is valid for uniforn model Uni¬ 
verses of nen^tero pressure when treated by general relativity* 
A most impoTtant change has occurred In passing from 
eqn [5,3), 


- I * - ke^. c - ^Cpa^. 

to eqo [§*U), 

■* 

It is that pj?® esn no longer bp assitwed BS constant in tl«t 
tAitf held^ fop a#ro-^pp^affiird tnodnle [see e^n (3,I)K 

Thus the models to he investigated now will eichiblt dependen¬ 
ces of m an the scsle fact OT which have n-ot been encotintered 
in earlier sections* 

tt is convenient to regard eqn {9*1Z) together with cqn 
(3,13) as the first of our iitaiii equAtions fur uniform univer¬ 
se.^ with pressure^ The second eqiiatioti must then specify the 
pressure, and one could use eqn (3,1) with u 1- However* it 
is more ii^ual to use the equation derived by adding 
times eqn [9,1) to times eqn {S.9), This leads to can¬ 
cel lat ion of the terra £Sn/3)irp and one finds 
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- * (J)^ 4. isl. X, C9,H) 

Thu£ eqns [9^11} And t9<14) cah serve as dut n^in equAtiQns^ 
They are! jiireclsely the apjaTopriate equatlcms which are fur- 
□ished by general relativity^ In that ^en^e there is no dif* 

in¬ 
ference between the anended Newtonian theory and general 

relativity. 

Alternatively ont can u&e eqtis C9-12) and [9^5.1 as the 
equation for the pressure* This will tn fact he our proce¬ 
dure here. In Section 9*4 we shall use the first law of 
thennodynan»ics in the forn (9*5). In Section 9*5 we shall 
apply the energy eqn £9*12] (or [S*9)]^ 

9*5, THE TUBRNQDYNAbates Of SOME IDEAL ELOltlS 

One may suppose that the cosmological fluid behaves locally 

like a simple fluid whose pressure is determined by an 

tdort o/ atflttf. This is a relation Connectiflg three variables 

of a fluid. For example, tAfrncft s^uattQne of atate have the 

form 


P • » 

and the fdanZ ^las^eicat paa furnishes the best “known e^aiftple 

in 


p - iTfcf/F, {&.IS 1 

Itere T donates the absolute temperature measured In degrees 
Kelvin t A Is the number of molecules in volLUBe and Bolts- 
mannas constant is ^ 

k ■ 1.360b “ 10 erg per degree* Kelvin 
- 1.3#04 * 10'^’ Joult pTr degree KeWlrt 

Here we shall use also the equation of state Of en 
tujn g^s 


pV • gU or p 




? 


(9.16) 
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ii'hera g l6 a constant and is tbe InteTnal nneTf;y« 

It Ls shown in bc>oks on theTnodynanlcs (see^ProhleiB S) 

that 


.' ■ 

Mulciplyln|£ by Y/^ and u^lng <?qn 

„ TYf^\ Vf^a\ 

Suppose that there exiats a funttian / auch that 
yytf - fiT¥^) - /[a], M - TV^, 

It follows froa this^assunptiaD that 


(9*17) 


(9*18) 


(S.lSi 


m. 


'■‘’ IKIJ). - ¥. 


and 


[Ml ■ - f» • f 


\t is therefore seen that eqn t9-lS) satiafies eqn {9.It) for 
Uw fn fact It can be shovrp chat equ (9^19} Is the only solu¬ 
tion (see Problem 

The second law of thermodynamics §tates that for 
atflCia thnre exists a fimetlon $ of state* called 

the entropy of the systenii su^h that 


dS = . 


(9,Z03 


W« can find properties of the entropy of an Idea] q-uantiwi gas 
by tsolttplying otin (9.20) hy tv^ to find 


TV^dJJ - l^fdiTt^y] - 


It follows that 
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^d/Laj, 


IJT 


5t^ that 


constancy of constancy of a^ can^tancy of C 

are equiyalent for an Ideal quantum » 


This result will be useful in Section 9^4 and In Froblom 

We eoxt wish to discuss the Ideal t^laaslcal Observe 

that eqn (9-IS) in eqn fS.lTl yields 



whence 


* Q (Ideal classical pas) 

t9.23) 

tt follows!that y is a futictioii of r only* Heace the heat 
cipnclty at constant volume is 

^ - (H), ■'(!?),-(I?V ® 

Whore eqn (9*20) has been uied^ The heat capBcity at constant 
pressure, on the other hand, contains terfits! 


c 


p 



It foUous that 



KH). 


(f). 


Sk 


dM 

3? 


+ mk. 

C9.2S) 


C - ■ Hk. £9.26] 

p Y 

For genorolitation of tht$ resultt see Prablen 9.7. 

-,T. 

tt is easily shown that an Ideal classical jjas of con¬ 
stant is in fact an ideal quantun pas» For is then slso 
a constant, so that eqn [9*34) yields 


u - 


[9.27) 
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if one assumes that D ■* 0 as r -* 0. Multlplyinji eqn (9,27) 
hy Hkf{C-C3, 




■SkT 


frp 


nkT 

T^‘ 






where oqn fP.lS] has been vts&5. Since are constflntSp 

t is also a ccnistant. Hence a fsrn of eqii (9*1 A) ho^ been 
ebtained with 


^ = t*l (claaitcal ideal gas nf constant 

heat capacities). (9-29) 

It can be shown from kinetic theory or frnn statistical 
■eclianics chat if the particles of the gas conaiat &f struc- 
Cureless, weakly interactiiigi&oiecules moving In 1* 2^ or 3 
d linens ions I the heat capacity la 

akp or 

respectively- tn these cases eqn (9.26) shows that 

Y - 5. i. I 

respectively. If the particles of the gas are diatonilc mole- 
Cttles in three dlBensions with two rotational degrees of 
freedDB^ a futther terB fl/fe 1# added to Cy so that 

• Jifk^ • jArfcp T * I . 

More generally, for partlcleis with / degrees of fTeedom, 

Cy = Cp - ^Hk, Y - 1 *1 * 

K particularly impcrtant type of ideal quaiitun gas Is 


+ Thpae ure in this caau rotations about the two «tes perperidicclar to the 
axis jclnlng tha atoms. 
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black-biMl}^ radiation at temperature r« Such a system Is 
specified by a speciii.1 form of e^|P namely 


9 * /ti) * «JC j a 


8 


■ ^ • 7.&64i-:10 (fTg cw ' K 

• 7.S64lOO’^*'j !ii*^ It”*, 


It follows from cqns (9.19J and that 


C9.30) 


y - = 3pF 


fS,3l) 


and from eqim (9,21) that d5 ■ 4aa^da, so that 


TS - ^a’^r i. ^ 


,32) 


The ptessure can In this case be visualised by iiLaglnliig 
radiation to be tonrposed of particle-like entities, tailed 
photons, which would he reflected by a surface held U the 
system- They would in fact bounce off like ordinary particles. 
However, the energy of the^e particles arises from their mo¬ 
tion and not from any IneTtial (rest']' ness assatiated with 

i'— 

them. Thu^ p stands in this case for radiation pressure- 
One may al^o a:SSOClat.e a number of photons 


y, {l6nC<3] ' 6D.4Z], 
= liT^v ■ 0.3702 


[9.33) 


with the radiation^ whi^Te 


C(n;) ■ i j"” {a>01, L(S) - l.iOZ f9.34> 

/■I 

is the so-called Rienuuin teta function. Secause energy Is 
equivalent to znass^ one can ejupress the energy as equivalent 
mass density per unit volume 

I - a/ « . (P. 35 ) 

The entropy per unit volume is then 
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SCALE FACTOR DEPEKDHfJCI^S IN aXIVERSES b'lTII MATTER AND 
RADIATION 

The universe can probabLy be modelled by thiuRiniC of 3^t 

as containtos both matter and radiattoBi to be denoted by 
aiifficea Tti and r respectively* If oit} is the equivalent nass 
density and p the pressure, one then has 


p = P *■ Pj, ► f-3i37) 

The natter content will be modelled by an Ideal classical gas 
of constant heat capacities as discussed In Section Let 

be the number density of gas particles of rest mass 
The Internal heat energy per unit voltime at temperature is 
then by eqJl [S + SSJ 

^ • T 

where n is the number of particle;! per unit volume. To 

2 

obtain p this has to he divided by & t mass density 

u 

due to the rest mass of th* pittlclea Ttas to bo added: 

0 * n (9*391 

TB e V pm 

The pressure contribution is obtained fTom esin 

The radiation is mode lied by biack-body radiiltion in the same 
volume« so that by eqns (9.1} and f9,3l), 

Pf “ Py * {9.<lj 

Wc shall substitute ctfits (9«39} to ttito e<in (3.5] in 

the form 
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or emii valently 




Q « 


IS,42} 


This yields 


il * 


'‘’'tn , a 




3;r‘ 


n tf = 0 . 

PI m ji r J 


There srei'now e number of cases of interest. 


(1} l>ust 

■ii^ 

these terns are applied to natter which does not exert 
any pressure. It follows directly from eqn (9.421 that rt 
Is independent of tine. Thus, If is indepenilent of tine» 
and using eqn (^^27)^ 

p ■ (T (9.44} 

ID ID 

(11) ^ueinta^ 0aB aTdnd 

We shall consider the extreme relativistic region in 
which the energy dtie to the rest mass of the part teles is 
neglected. Problem f*10 doBls with the appropriate general 1- 
£Htion« Using eqn in eqn [9«4Z]4 

^ - 0 
C 

SO that 


dp 

P 




Thus an ideal quantum gas^ when taken as the cosmological 
fluid, implies an expansion of the universe such that the fol* 
loving quantities are independent of time; 


S.- (9.IS] 


In the last step eqn C9,Z2J hn^ been used. The expansion of 
duat Is energy-conserving by <?qn (9-44), but the expansion of 
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ideal quuitiun gas is entropy Cflnseriringp while Its energy 
decTeosas during the eipansion This drop in auorgy 

is due to the work done by the pressure of the gas in the 
expansion. Apert froja the consteocy of case (i) is 
recovered i£ ^ ■ 0. 

In particular for an ideal classical gas of constant heat 
capacities and constant particle numbers, eqn (9.43} yields 
f - flp where E is independent of i.e- 

JD 


if T * 


h 


( 9 . 46 ) 


For black-body radiation, on the other hand^ eqn (9*45) with 
f “ 1/3, together with eqn [9^1) ^ shows that 





(9*4?) 


(lilj ffi5H-£rttaraettFi^ wiit£#r 

In this case eqn (9-42) splits into two equationSt one 
for matter and one for radiation, and one finds eqns f9i*b) 
and (9,47J, so that 


P 





T 

f 


( 9 . 4 &) 


where u has the valsjo 3 for dust and 3y 5 when the gas preS' 
sure U not negligible. The gas and the radiation develop 
independently in the universe during the period in which the 
assumption of negligible Interaction Is applicable* 

A rough idea of the possible circumstances in am expand¬ 
ing universe of matter plus radiation may be obtained as 
follows. Starting with a hot big bang, radiation and matter 
are initially in equilihrium. As the expansion proceeds, the 
radiation energy density drops morn rapidly (as if ) than does 
the matter energy density On the other hand, the 

situation Is reversed for the taftperature, the matter tempera¬ 
ture dropping more rapidly (*A than the radiation tempera¬ 
ture ^)i as the two eonponomts cease to be in equilibrium. 
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This iSj however, only a rough picture since matter obeys the 
therinodynamic laws of radiation at high compression when it is 
relativistic, Furthernore the creation of heavier nucleons 
D5 expansion proceeds has to be talcen into account [see Sec¬ 
tion However p these simple ideas can also be extended 

to oscillating models of the universal but they have to be 
corrected for the interaction between matter and radiatlori 

ly]^ 

flv) Mtitt-CT fn tAemot aqiiif 

The sinrplest interaction between matter and radiation 
which one cm suppose is that theae two systems are in thermal 
equilibrium; tf it is also assumed that the number 

of particles in the gas is time independent, then eqn (9.43J 
yielda* after wultlplying by 

wL 


where 


4 


4ar ^ 

T 

3n ft 
m 




la the photon entropy eqn (9.32) par particle of the gas In 
units of ft. it follows that 


^ * J-*q 4^ 

^ [5Cv-1)]*'*8 ^ 

Two limiting cases are of Interest: 
ta) (Ka“<l, In this case 


(9*SO) 




15 independent of time as for 
the ideal classical 


(9*51) 


(b) a>l. In thl5 case 


is Independcni of tine as for radintlon^ (9«5Z) 


In the first case one would expect a to behave os 
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^-9 (Y-n 


pli-UTf = ^-3 f„f y . |.j, (9.SS;) 


Thus if a mrs snlall in the past* it will remain sa. tn the 
second Case one would expect 


a 


^ 7 ^ ^ 


C9-S4] 


5o if # WHS once large it will renain large, since it is 
roughly constant in tine. This;,'second case appears to be the 
one which la realized [see relation 


9.5. SORl£ I^IMERICAL VALUES 

The number density Of photons in blac1:-body radiation at teis- 
perature ST is gliren by eqn 

„ . ^ 4121 (W)' . so .42 . ( - 

^ 7/90 '2.0.6625-10'^^'' 

• :ti,30[r(K)]^ 10^ {^‘SSi 

One can re-express * of e4|ii (9.49] in terms of as 

• ■ iltm ^ s; ■ >’•“> 

If we taha the present matter density as 

S » 10'^® ki b’* 5 P_(J < 2 * 10'^* kg ■'* 19.571 

- 27 

then for protons of rest mass 1*^7 k 19 leg this implies a 
msterial number density 

O.J £ It (3.S«) 


The main contribution to the present photon number density is 
the recently discovered background black-body radiatiop at 
temperature 7^7 K, which by eqn [9^5SJ yields 





14 B 


lleBce eqn [P^S&l yields 

:.3 » lo“ < fly ^ S3 » 10^ , fs.60) 


which is a large nujaher* so that ecins (?.50) and {$,M] held^ 
Therefore if a has remained broadly constant in tinej a large 
value of a can h® assumed in the treataent nf the early unl^ 
vcT^e, The f^resent number qf photons per proton is,.rby eqns 
(9*5S] and lB,m* 


"rtl 4*iC* 

n_ =■ --,-«- 

“ "-0 


113* 


*fsr 

9.6* TIME DliPEMDINCES IfcT EAEU UNIVERSES WITH MATTER AMD 
k^VDlATIOX 

If the scale factor is small enoughs as It has been for the 
early or young universe* p ii large enough to enable one to 
simplify eqn CP*1Z] to 


^ CCff^ . C9*61) 

The high densities in the early universe led to a rapid estab- 
lishisent of therrttal equlJIbrlun between matter and radiation, 
so that case [IvJ of Section 9.4 is relevant - Also a>l from 
Section so the radiation regiiae of case (1^1 b good 

approximation by eqn Accordingly, 

o ^ i.e. p/p = - 4^/^f 

can be usad in eqn whence 



1. 


e. 


p - —^ . f^.ea) 

SZnet' 

lli:. 

This also implies a statement about the tine dependence of the 
temperature since 
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where the nliDericai fsctor ^ depends on the precise content 
□£ the utiivefae* If blatlc^body radistiorL dominatesj & — 1. 
But if relativistic particles cgntribute sensibly, then 
It follows that 


T 


\ 

Zln^aC/ 






-in 


(S.6 3} 


The value of the coefficient is (with - 7.42S ^ lO'*® m 

kg'^3 


k32iOK7.5A4>'10 ^*-T-425>.lO 


r^) 




l.S2t6] 


■ m 


in 


ICJ 


so that the tenrperature in degrees Kelvin as a function of 
tinie In seconds is 


7 * 


1 * 52^10 

TTTT 


10 


/f£l 




Various corrections ba.ve to be applied to this result^ How¬ 
ever, its wide rough applicability Is due to a characteristic 
of quamtUB statistics^ This is that systoas of part Idee of 
nan-tero rest tnase share inafiy of thoir therBodynaflic proper¬ 
ties with black body radiation* provided only the tejaperatufe 
is high enough I so that the parti cies have an averajte energy 
which is far in excess of their rest energy* 

Fig* d.l gives an idea of the presumed thensal history of 
the universe- The curve for the radiation tejuperature roughly 
follows eqn The densities of matter [bsTydns)^ end 

of electrons are also shown. At 10^ years or 3 ■ 10^^ 5, 
matter and radiation 'decouple' and cool down separately 
according to regime [iii), the natter temperature fflllin|! more 
rapidly than the Tadiation temperatures in accordance with 
eqns (9.4hJ and (9p4T3- 

iNfe shall now use the property f3*165 

pnd (9.30^1 of black^body radiation for all the contents of 
the early univoTSe* This is Justified because a system of 
particles Jtioving at relariviittic: speeds does in fact satisfy 
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FIG* Sil Vw presiwd thermal hiitorj* of the univoTse [5)^ 

this relsltion^ It Ls therefore appHca^ble to the whole con¬ 
tents of the early uni verse to a |tood degree of epproElTnat ion^ 
Eqn (9^62) then fields 

2 

P “ Iznat^ * 

For this simple case kc have therefore obtained a rather com¬ 
plete solution of the cosmological pTobiam by finding p, p*a-nd 
/? as functions of the tiao* Contrary to whet one would pKpect* 
the univtrjo has developed its non-equilibrxunt characteristics 
with lapse of timet hns dropped below and both and 
decronse now «ore rapidly than either^ fis seen In eqn 
Slightly more cotapl Icated modols can he made which also 
allow toiirplete ^elutions to be obtained by analytical methods 
f-lj. 


S.t, SUMMARY Df: THE OYNAMTCAL EQUATIONS 

For uni form model ufiiveraes two enerpy equations have been 
encottntor^d. One of theae arose from the Newtonian model p 
eqn (S.9J, and was seen to hold also for relativistic univer¬ 
ses of ncFJl*sero pressure, eqn (9.12). This dealt with the 
total energy of gravititting matcor enclosed within a surface 
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Ufi 

S* whicl) was Dssuned frozen into the The was 

RTBiritati&ftal and kinetic; 

^2 ^ ^ [9.65) 

The other equation dealt with, the effect of pressure at the 
surface, oqn [9.35 or £9.6) or (9-7): 

£9.66) 

fl P ■* ° A 

It is convenient to Introduce again the foIlowinE nbhrevia- 
tiona 


fl m ff/ff - [Huhhle's 'coastant^P ? * * 

Jthc deceleration parnmeter) 

j 

Q 9 p/a p [a constant for the ideal quanttnrr gas* 
but not otherwise» see Probliin 3*4. It Is a 


inensjanless quantity)* [3*68] 

3 

0 ■ 4iHip/3l^ the dimensionless energy paranieter, 
j 

ptf being the energy density [3*69) 

2 J 2 3 

L • ^ K m kt3 R j two more dimensionless 

quantities. ff_ 70] 

The enoTKy eqn [9*1^ is then 

. 20^1 (tnergy equstionj [3*71] 


SevoTSl of these results generalise those of Section 4.6, 
Differentiating eqn (SibS) with respect to time and 
ellMinating by one recovers the equation of motion 

ta.in 

-J- . U§(p. 52 ,) - . 0, 

'•jr* 2 2 

Multiplying by a /S , this can be written as 


19.7ZJ 
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q * Ir m (l + 3^)o (equation of motioft], [9^73) 

^ ■ 

A niunber o£ oth^r relations can be darlved frow these 
iwij. For exanple^ subtractiiig tines [9^&S) from £P-7£) p 

one finds 



2 

After division by ^ thia can be written as 

e + - 3{l+^Jo - 1* £9.7SJ 

This result is also obtalriable by adding Dqns {9.71] and 
CS.HK 

An iirportant equation, because it Is one of the Einstein 
field equations for these node Is, is (9.11}. This can he 
written as 

2q - K - 5L * I ^ 6 ^ 0 , ( 9 , 76 ) 

This result is also Dhtainable by subtracting eqn [9.75) fro® 
three tines (9.73]. 

For tero-pressure models Ig - UJ one recovers eqn (4.24] 
and (4»27} in the forms b^Iow: 

from eqn (9,?1]: Jf - t. • So * I fenergy aquation) (9/77J 

from eqn {9.73)2 q * t - a (oquation of laotian) £9*7i] 

from eqn 19,7S); q * K ^ - I fan implicationK [9.79) 

In the general theory of relativity It is shown that 
eqn (9,65] or (9,12) and (9,14) are the Einstein field equa¬ 
tions for these models, and the other equations obtained heTc 
occuT as consequences^ In this smnsn all equations otitained 
are relativistic equations* 
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PROBLEMS 

On S0aHi>n 

(9.1] In Mmc hybrid of the Newtoninn theory end the anended 
Newtonian theory one ni^ht allow for non-zero pressure in 
the energy conservation eqn (9,3) (or {9,3)^ [9,6)^ or 
(RHi7)]| thus using the amended Newtonian theory. But one 
night put |Jp * 0 in eqn {9.1} , thus using the Newtonian 
theory. Show that in this case 

. .5^ I bR dJI * - jAd^l . (9.60) 

H ‘2 

[9-Z] Replace £7 by an effective^ gravitational 'constant* 

defined by the requirement that Newtonian and relativis¬ 
tic theory shnll yield identical results. Hence^shov 
that 

Cn *2 * 

— * -?- * 

I pjf dtt 

ft*31 Show from the result of Problen 3*2 that ff for 

itero-pressure models. 

^ ■ 

[9*41 An ideal quantum gas f&) Is a fluid such that p - ge m 
where ^ is s constant. S^how that if the cosmic fluid is 
such a fluids then 

(1) pft) Is independent of time, and hence 

fill is a constant who^e value is 1 + 3p tines the 

normal gravitational constant, Note that for * C 
one recovers a spnclal case of the result of Prob-^ 
lem 9*3. 

On ^.3 

(9.S] (13 The Gibbs free energy of a system is G * ?/+py - TB* 
Show by considering dC that " (w) ' 
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1 




tli] Frora the ieccmd la«^ u^lng the result o£ {ij, 
establish cqi3 (5*171. 

C9*6} Show that equ f5.191 U the only solution cs£ 

(9^7| Show that for wy simple fluid* eq.iis (9,24) and 19^25} 
can be generaUaed to - [(H) ^](l?) ' 

(I?) ■ (lf)„ = (l?)„(lf) #statUshed 

first.I P ^ T p 


(9.8) An ideal quantuDi gas Which Satisfies the additional 
relation TS • JU where J 1) is a constant Is called 
aMpajridsdl. Show that the function /[a]* * * i has 
then the form of the simple power law 
Apply this result to black-body radifllion [71* 


On 5sotion 4 

(9*5) A classical ideal gas has a constant heat capacity 
ratio Y and contains a can served numbot ■■ n^V of 
molecules of rest mass , Show that If this system 
serves as the cosaalogical fluid then the mess density 
as a functign of scale factor has the form 





where the ccmstant C Is Klveu by 






Here V is the voluine of the model universe and 7 the 

m 

temperature. 


[5^10) Generalization of case [11} eqn (5v4S}* An ideal 

quantum gas of particles whose rest mass is satisfies 

pp ■ . 
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If thut nuhej of particles! m * is constant» ^liov that 
for a cosvologieel fluid consisting of such a systent 

^ * ^TFTT 

where C is a constants Show also that the entropy of the 
syiTem is conserved during the eKpartsion or contrscrtiofi 
of the nodel universe. 

On S«cti&n ^.€ 

fS.lll Verify the table below for radiation temperature as a 
function of time 

< radiation dDfflii]jte&^^-► 

I « 10 s 100 s Wm s I Meek 

10 4 n fl 7 

TfliqSDratuiV CK) ^.B2wW*^ 5.16^10 K52k10 3.16-10 1.29^10 

- g- ■> —-DAtter dofliinfties—I p 

30 days I year 10 yean^ 10lQ years (Now^ 

7.42 10^ t.7i J0‘ 1790 17.1 

[Use eqn (S^bS).] 

[9.12) Find the vaiues of p^^ and p ^ the equivalent Jiatter 

T y Btr 

densities dye to radiation and nucleons at the present 
time and verify that 


[Assuae the radiation due to the background blach-hody 
radiation at 2^7 K,] 

£7H SdOtfon 

[S.13){1) Show on the same basis that at present the ratio of 
the number of photons sto the nLunbor of nucleons is 

q 

□f order ID , 

Cii) If the nucleons were at present all in the form of 
hydrogen atoms, show also that if they were to be 
all loitired at the ovpertse of energy in the back¬ 
ground radiation, the temperature of that radiation 
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would drop onl^ by u fraction thrhich is less than 
10"^ of its present temperntttrn of 2.7 

On $Mation ft2 

[9-14) Prove that ^ rllcJ* 

{9,15) Prove that Zq + - £H3fl)[lf+I) * 0. 

[9, IS) Prove tfiat’o , where C is ^Iven hy eqn [5+S); 
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optical effects of the expansion ACCORDtNG 

TO VARIOUS THEORIES OF LIGHT 
10-1. T]fC PROBLEM OF THE ETHER 

Th^ obs^Tvations which have formed our pr«^ont picture of the 
universe, and those which lead in tho future to a tiecision 
between cosmological models, almost 3.11 involve the reception 
of light or other electromagnetic radiations [the word Uight^ 
will often be used where 'electromagnetic riidiatiDn^ would be 
more accurate]» In order to discuss the observational conse¬ 
quences of sny cosnological model it Is therefore necessary to 
supplement it with a model of light propagatiDii- Ciassicel 
physics offers two obvious models for this purposo-i the par¬ 
ticle model, which was preferred by iVewton^ and the wave model. 
In the particle model light omiS-Sion is pictured as somewhat 
analogous to the firing of cannon balls whose trajectories 
correspond to light rays. One knows that fret^ueficies have to 
be associated with these particles of lights and classical 
physics provides no simple way of doing this. One has to go 
to the quantum theory iri order to obtain the appropriate rela¬ 
tions^ 

A more conveniefit model for the purpoMeis of this chapter 
is therefore the classical wave theory of light, which can be 
summarised as follows: light consists of waves, which travel 
in interstellar space in straight llne$ with e constant speed 
o relative to the ether. We shall also need the result of 
quantum theory that a light wave+ when it interacts with 
matter, can be considered as a series of particles or photons, 
end that the energy F of each photon is proportional to its 
frequency vi F ■ ftv, where fe Is Planck's constant- For our 
purposes the ether is needed merely as a reference frame, and 
the question of Its essential nature does not arise* However, 
the expoAsion of the universe poses some awkward questions in 
the wave theory^ is the ether statiouHry, so that all galaxies 
[or all but one) are moving through it, or does it tefce port 
in the expansion? The flrat possibility would mean that most 
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of the galaxies in the universe are novlng through the ether 
at speeds cotnpfir^iblfr to that of Since our own galan^ 

is certainly not moving at sruch a Speed (or the vavelength of 
light would not serve as a preciSL* standard of length 1 we 
would be in a highly privileged positionj and ce-,smologists 
tend to distrust any such singling out of our own galaxy [$ee 
Section 2.2J- The alternative, that the ether expends with 
the galaxies, poses other problems — does the ether becoine 
less dense with time^ and does light (and all electromagnetic 
interaction] therefore become weaker? Fortunately these ques- 
tions were never Co impede the progress of cosmology, since by 
the tine the expansion was discovered^ Einstein Ned [already 
provided, in his special and general theories of relativityt 
wave nodels oi light propagation which did not require an 
ctheTi 

The u.ae of optioa in Sections to 10, S is, 

therefore^ an attempt to understand the basic optical phono- 
nena in their simplest passible settings To do this we shall 
assuffle that the ether does not take part in the expansion, and 
also that astronomical observaticins are made by an observer at 
rest In the ether. This violates the cosmological principlOt 
but has the advantage that some importint ef^uations can then 
be easily derived in the precise form which they take in the 
jrodeta (Sections ID#6 and 10/7)« The naln 
results of aH three models are collected in Tables 10.1 and 
10.2, for use iti discussing cosmological observations in 
Chapter 11* They serve as a ^gusnmary of this chapter, apart 
from the last section* 

Although the general relativistic model ia generally 
believed to bo the moi&t accurate for obaervations of objects 
at cosMlogical distajices* or with intense gravitational 
fields, the other models have their own aphcTes of osofulness. 
The classical model is valid for observation^ of heerby, slow- 
noving objects [velocity and distance r and of fers 

extreme methematicel simplicity* 3l is used for thf^ Andro¬ 
meda galaxy and other nearby galaxies* The special relativist 
tic model is valid for observations of nearby fast-moving 
objects (u ^ c but which may include some c^uasars [T], 
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TAltLE LU.i 

Oiy9firWitU?rKtt fknerttJ^na of rrd^ahift ■ 

fop elasBiiial waua mpsainl^ md ^^tijeral relat-ii^it^ 


Fflctorfi b/ which ih« ii])]i4tronT brightnef»t 
ttf ^ raccdio^ ifiurcc ii miiltIplUd; 



Rfld-Bhiift fjictor, f * 

AtwrT^tion fflctdrp f * fl+lf) 

* 1 -# 
Fre^^uency rcBpimse fdCtdl" f = Cl+Bj 

for B fadia with ^ 

spcctraJ index fl 

teqn 10,71 

(eiin 10 J 5) 

itqn 10.11] 


<fef iipparont to real 
density of xQurces *1^1 

(eqn 10,2^] 


RolMetri^ iuBinofiity 

distance of a source , 

observed at diatance * tl+ay x* 

Ceqn5 IQ,ZI 

uncL 10.47] 

TARLE 10.2 



&fLGc2tt'<?ns reiatfn^ the red^ifdfi a d/ a la itm af 

nAOAAffi^ 0 on^ ta tha tiiH af awfi^itjn 

af tha Ifgfct -adrioh 

ft ii g?i^a*i*vea fer variois fA^eriiff of IfpAt 

Theory pf light prOpAgatiftR 


Special 

relativity 

General 

rolfltivlty 

Frvttuency ratin 1 * k l • o/tf 

f Utf/ol^ 

tl^f 

^C*o> 

(oEpi 10. 

leqn 10.19] 

(&q]i 10.42] 

Speed of recesston • y bm 

°*<^**J 



(Ual *1 


Scale factor at tiae of 
enisslon « 

- 


The last two Vines of the table Contain simple algebraic 
the first line. 

cDnsequoncBs of 
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iind it9 use in thvt cotttexL is illystratsd in Problein A.3 


IS? 


10.2. THE RED SHIP! AKD ALLIED EFFECTS 

The name ‘^red'ShifT* Indicates that visible light emitted from 
a receding source with frequency appears to the observer to 
have A frequency which Is less than so that the light 
appears to have been shifted towards the low-frequency or red 
end of the Visible spectrtwni* The SJUflunt of the red-shift p s , 
is defined by 


a ■ 




110 * 1 ) 


As ft rule suffices 0 and E will refer respectively to the time 

and place at which a photon is observed, and the time and 

place ftt which it is emitted* 

The calculation of the red-shift can bo understood by 

reference to Fig, Let two successive wavecrests of 

light Leave the galaaty which is redding with speed Pt at 

times t- ftnd • ikt_ p and let them arrive at the observer d 
E t c 

at times and ^ At^. Thus the emitted frequency is 
1/i;^ and the observed frequency is so that from 

eqn (10,1] 



Mow suppose that the distance OG is equal 10 r St time 
ftnd to T * at time tg * Then the first wsvecrest 

travels the distance i* in time and the second travels 



10.1 Spacetime diagriiB for th6 crftlciilat lon 9f the red-shlft In 
reference frame- 
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the dlstancA r + 4? In time + At^ - {&g+4tgj. Sinee both 
wavecrests travel with speed a relative to 0 it fonoi^s that 



' At 


E 



OTp suhifSctinf the first equatloq from the second end re¬ 
arranging » 


“o - * T 


{10,3) 


Also I the gala^f iioving ^ith speed v must cover a distance 
Ar ^ I'l time Suhstituting this into [10.3) gives 

^ i} 


wMch witft [10,2) gives thp requifed expression for s; 


,.,. ..J, 


£10-5) 


Par a source approaching with speed u one would have 
ar ■ so a = 

As well AS its obvious effect of shiftlni spectral lines 
and so giving a meas^urn of the speed of recession^ the recl^ 
shift has effects on the apparent hrtghtness of the source^ 

In this context apporafi* i^ri^Atnaae is defined as the amount 
of energy radiated from the source^ falling on a unit area 
near D in unit time and within the Qperating frequeuev range 
of a particular instruments The instruineiit may be a human 
eye, a radio telescope or i canera/telescope ccuafainatian, 
sensitive in each case to a fairly narrow frequency range; 
alternatively it may accept radiated energy of ell possible 
frequencies. One can now envisage three ways In which the 
motion of a receding source may alter its apparent brightness: 
(i) the fraction of emitted photons which vfill ultimately 
reach the unit area in question may he altered; 
tii) considering only those photons which will reach the 

unit area, the number arriving per unit tine^ and the 
energy of each Individual photon« may be altered; and 
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(iii) lh« fr^querkc)^ shift may cause the instrunent to respond 
to a different range of emitted frequencies^ 

Of these effects (1) is not directly linked to the red* 

•Sc 

shift* and is discussed in Sect Lon ID.S, but Cli] and [iii] 
depend directly on the red-shift. Suppose that is the num¬ 
ber of plintons emitted per unit time in such a directidtl a^ to 
reach a certain instrument p and is the mean energy of those 
photon.^, butii measured in the reference frame of the source Op 
and that are the nutnber arriving per unit tine and the 

fican energy on arrival, both measured in the roferonco frame 
of the observer 0. Then the effect (iij of the red-ahift is 
to multiply the rate of energy reception, i»e« the apparent 
brightness, by a factor 


rs 


fl0,6) 


compared to a stationary source* How a figure exactly analo¬ 
gous to Fig. ID.l could be drawn in which am the 

time intervals between emission or arrival of Successive pho¬ 
tons » rather than wayecresta. One would then have 


It 

n 


E 




AlsOi the quantum-mechanical relationship ^ « hv is assumed to 
hold in both reference frames, so that 


. !2. 1 
Vg TTS • 


Combining these results gives finally 


f 


r* 


1 

(u^r 


110*73 


as the mein factor by which the red-shift muJtip lies the 
apparent brightness of a receding source* This factor is 
present for all types of instrument. 

When the instrument has a limited frequency range the 
apparent brightness is multiplied by a further factor* which 
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will be called resultinj; from the effect Ciii) of the red- 
Suppose that the frequency spectrum of the source can 
bo described by a function If'CV^) in such a way that the rate 
of energy output of the source In an omitted frequency range 
tViUj) is 

fflVjVjJ - I ^FfVgJ dx (10.81 

''l 

where the change from to the dummy variable r has been made 
for later Suppose also that the instrumfiTit in 

use registers all photons with observed frequencies bet^^cen 
^20* others. Then til# apparent brightne$$ of 

the source^ if it were statlonaT;^ (in the ether), would be 
proportional to as defined in t^n However, 

the motion has the effect that photons with frequen¬ 

cies between Vj^ and are those with tiini'tCfid' frequencies 
between and where 


IE 


- Vjg - (l*a]v2c 


[10.9) 


It folioWF that the apparent brightness of the source is in 
fact proportional to 


" I (ID.lfl) 

“IE 


and the appropriate correction factor la therefore 






( 10 . 11 ) 


The effect is illostrated for a h^rpothetical spcctruin P(Vg) in 
Fig, 1^3-2e Evidently can be greater or smaller than I 
depending on the shape of the spectmn, and will not In general 
be a simple fUhCtiDn of a. 

For observations in the visible region of the spartrum the 
calculation of Is further complicatad by the fact that the 
Instrument« which usually incorporates a photographic fUm#^ 
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FIE*. 10*2 Effect of the red-shift m cijuiing an iiwtrupent tq register 
M di^qrent part of the spec t run of B SOitrcc* Th-e f igura is drami fcr 

s • 2 in 110 - 93 . 

dees not rospand equ^U^f to all frequencies within its rwge* 
in the radio region things are soKtines sinpletj hccflua# it 
often happens that 

(p) the rospanse of the instrunont is uniform over the fre¬ 
quency range ,\i,) 

(b) the spectrum of the source can be represented over the 
range of Interest by o power law 

p(v. ] - ^v:*' tio.uj 

Cl 4r 

where Jt and w are independent of and e is known is the 
apeotpfll indsm of the source. Because o£ Isl) the correction 
factor la given accurately by eqn [lO.llJ. Substituiing 
eqn (1D.U3 into-eqns and one finds 

" tM ’'2 ’’"''i'"'}' 

(j r* 1) 

ftVjg.Wjg) - ^''lE }’ 

Substituting for and frotn eqfl [10.9J and using the 

result in eqn (10.11) gives finally 

* (1+h)^"^ (radio source with spectral index a] (10*13) 

Taking the value a - 0-^ *s typical, we find • (l+a)®'^* a 
rather siull correction coopared to Eqn (10*13) is also 
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valid for « ■= 1, although a sepaTata discussion is needed to 
establish this (see Problem 10^1})« 

The Eftloulation of the factors and JT^ ^iven here 
merely assumes (a) the existence of the rod^shift factor 
(1+fl], and (b) that the same factor reduces the arrival rate 
of photons relative to their emission rate. No particular 
theory of ll^ht propagation fs involved* Therefore. f , and 
are the same functions of a ia the relativistic theories as 
in the classical theory considered so far* Howeverj the rela¬ 
tion hetuoon * and the speed of recession y is quite differont 
in those theories* es explained in Sections 10,6 and 10,7, 


10*3* THE ABERRATION OF LIGHT 

The name aberration Is given to any change in the apparent 
direction of a light ray consequent on the not Lon ^of the 
source or observeri In the present context we consider that 
the source G is wovitig* as illustrated in Fig, 10,3, 



FIG. 10.3 Velocity addltloii] diagram for tho abermtiern ef light, re I at inf 
the velocity c of a Uiht tay illative to 0 To Its velocity relativo to 
C. 


Here G emits a light ray which an observer moving with G 
considers to move with velocity at an angle to the line 
CO* For 0 the veioclty6of the light ray la c* composed of the 
light ray's velocity relative to G and G^a own velocity v 
relative to O: c = c^ + v. The geometry of the two right* 
angled triangles In the figure showii that 

Og sin Og = sin ^ 


& CoS 4 * V 
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tao 


sin ^ 

cos & * U/ff 


{10* H J 


The effect of aberration on the amount of light received 

from A sMTCe at distance r can^be seen by Teferenca to Fig* 

10,4, This shoifs tsolid lines) the paths of a set of light 

rays Khich all naiLt: the sanie angle S with the litia dP in Q'^s 

reference fratte, and (dotted lines) the paths which the same 

rays would tol^e if the^source were at rest. In Q*s reference 

frame the rays define a circle of radius and area 

centred on □* If the source were at rest the sawe rays would 

define a smaller circle of area n(r» Thus the light which 

£ ^ 

would hare covered an area If the source were at rest 

t 2 

is spread out by sberratlon to cover a larger area w(rB) ^ 
loading to a correction factor by which the energy received 
per unit area per unit time must be multiplied to allow for 
aberration: 


f, = 



FIG. 10.4 The ■spreading (iiiT of light rays by abeTratioTi. 

--ilirpctiort of light rays reJative to 0 ; directioci 

of light rays relative to G. 

Using eqns CIO.14] snd (10,5] with the approximations (valid 
for small angles] tan sin d 4 cos ® 4 1 gives 

r = - ^ —j - — ^ CIO.15) 

" [1+w/a) Cl*.)a 

Thus aberration reduced'^the eneray received from a recedinK 


source. 
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10,4. THE APPAItENT BRIGHTNESS OF ^ SOLTRC^ 

ConsidfiT a scFurct» of electrDMgnetic radiAtioo which ts ob- 
s<eTvi!d at a distance p* and defina the follswinp four quanti- 
tioa: 

6 is thp total energy Dutpui of the source per unit ti®e^ 
Pleasured in the Teference f rapine of the source p 
A K L/4ti Is the corra^poiidirtg energy output per unit 
solid onglOr 

£ is the rate at which energy from the snurc^ falls on 
unit area it the observer 0 in unit time^ 
is defined by 


a[li*l6T 

The last three of these quantities have individual names: 

A is the [bolonetriCpf intrinsic brightness of the source, 

B is the (holoiBCtTic] apparent brightness of the source, 
is the [boloiaetrtc] luminosity distance of the source« 
The tern 'bolometric\ which will often be omitted for con¬ 
venience, means that one is considering the entire spectrun of 
radiation from a pariiculHr source. Corresponding (non- 
bo lometric) quantities which relate only to a restricted fre- 
quency range are given the suffis v. Thus, for instance, the 

i.'-t S+r 

symbol will always denote the rate at which energy from 
the source falls on unit area in unit time within the fre¬ 
quency range of a particular instruiiu-tit 4- may be an optical, 
photographic, or radio apparent brightness depending on the 
instrument considered^ The corresponding luainosity distance 
is defined by 


'^iu “ [10.17) 

The reason for the nane ''luninojltjr distance' be seen 
as follovs. If the source were stationary, its ll^ht:output 
L would be spread ualformly over a sphere p£ area 4nr when it 
reached 0, and therefore 

s (statianary source] * ^ - h i' ■ -i , fl0.1l[} 

4111*^ 
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The £Bjne unclu^ion hoJUfi for a rtifttrieted frequsncy range« 
since there 1^ red-shift* and SP 

A 

5y [stationary aource) * -j . [10-15] 


It follows that* fdr a fftstivnisr}^ flOuroa* 



so that in observer Mho believes the source to be stationary 
hrill infer that Its distance is [A/s)^ » or [4^/S^}*^ ■ 
depending on the type of observation made^ 

If the source is not stationary* Its bolometric apparent 
brightness Bust he raultiplied by the factors and of 
eqns ( 10.71 «ad [ 10 . 15 ] so that eqn (10*18) is replaced by 


s 


^ r ^ 

Ti*a ^ 
r 




and the luninostty distance (10wl6} becostes 


[ID.2D) 


d 


L 




{10.31} 


A tlon-boloBetric apparent brightness will 
plied by the factor of eqn [lU-ll]* so that 


also be multi- 
in general 




</v 

7TW 


(10.32) 


and 




(10.^3) 


This result simplifies somewhat for a radio apparent bright- 
nessp wbeiii may he of the farm [lO.lJJi One then has 








[radio source 
with spectral 
inde^ a) 

2 


(10e24) 
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An alternative vay o£ describing apparent brightness uses 
the coficept ef A source of ipparent brightness 

^ (nr said to have an apparent ma^nitucf# tor Piyip 

where 


n » ^2.S (S] + constant B 

(1Q.2S) 

• -2,S iagjjj (S^) + constant. 

The number Z.5 arises from the convention that a change of S in 
apparent nagnitqde corresponds to a change by a factor of lOO 
in apparent hrighttiess. 

An chs^luta magnituda: M (or Af^j is also definoi] as the 
apparent magnitude which would be observed if the source were 
stationary at s standard distance iJ, usually taken to he 10 
parsecs< Considering only bolometTic quantities and combin'^ 
ing eqns (10.1«) and (i0.2SJ, 

^ ■ -2,S + Constant, 

and Subtracting this Iron eqn [10^25] gives 

W - W - 2.5 logjg [A/SB^) 

“ ^*5 log^^ CdJ/i^ 

- 3 loij^ (d^/B) (10,26) 

where ei^n has been used. The reietioii between appa¬ 

rent magnitude and luminosity distance Is therefore simple; 
however, the luminosity distance is mare suited to the purposes 
of this book. 

iO.S, THE DHJ4Sm TRANSFORMATION 

This effect, which appears to have been discussed only re¬ 
cently [21 arises fron the time taken for light to travel * If 
a photograph taken by 0 shows two galaxies G, to be at 
d is canoes r, p + ij* respectively ^ then, nllowlng for the time 
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light takes to travelp 0 will correctly infer that he Is see¬ 
ing C as it was at tine t » f/o, and as it was at tine 

The sitaation is illustrated in Ftg* lO^S 
for the case where 0, Gp are in a straiRlit linog 



PIG* ID^S Space-ittte diagnuo for ihe calculeticm of tht density trmns- 
fd niLBt I on In O'^s refotencii ftHme. 

In this case Ar the distance between G and G^ as 
B iFved by 0* But ikr is not a true distance» because It results 
from coBpating the position of G at tine t with the position 
of at the different tijite The true distance results 

from conparing positions at the time and this distance 

is narked 

Evidently the difference between dr and Af is just the 
distance moved by in the time Hence^ if speed 

of recession Is then 

* ikF * ■ Ar * ■ Orfl+EJ^/oj. 

Therefore if Is at nearly the same distance as G and there- 
fore I by the Hnhble lawi has nearly the same speed of reces* 
Sion i3| 

^ - I 1 * a. rio,z7) 

Now suppose that a eertaiin set af galaxies is photo¬ 
graphed by 0 ai tine that the photographed positions 

□f these galaxies approximately fill a rectangular volume of 
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dimcTi^ion^ Ar^ ^ As [G and are at tva coTners of the 

volumeK The true positions of the galaxies at time t will 
fill a. vplLime of dimensioiis As (distances at right- 

angles to the mlacity of galaxies are unchanged hy the effect 
dlscMssion). If n is the number of galaxies in the set^ 
the dertattj^ of galaxies observed by 0 ii 

^ " w~i5~ss 

and the true density at time t is 

jv -r n 

As 

so that, using eqns (lO^S) and [10^:271. 

^ ^ • 1 + «. {10.281 

The foreshortening of distance for the observer, described by 
eqn CIP.173, leads to an apparent density in excess of the 
true density measured at the einftter^ Note that, although 
An and are observed quantities« the suffice 0 has been sup¬ 
pressed for simplicity, and to avoid confusion with the pre¬ 
sent density first introduced in Section 2.4. 

10.6. CONSEQUENCES OF A SPECIAL RELATIVISTIC THEORV DE LIGHT 
PROPAGATION 

It was mentioned at the start of this chapter that special 
relativity (which we frequently abbreviate as SR) provides a 
model of Light propagation which avoids the problems of an 
ether^ It doe? so by postulating that the speed of light Is 
0 relative to all observers. This entails a complete revision 
of classical ideas of space and time, which has the effect 
that many quantities hitherto thought to be absolute in naturei 
such &5 the length of an abject and the time interval between 
two events* are seen to depend on the state of motion of the 
observer who measures them. The consequences of this theory 
for the^optical effects already described are discussed in 
Appendix A* and can be sstuttraarited as foUews! 
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tl) The relfiti&n between red-shift « untl of recessioii 

e is 

1 tSR), fid.as) 

(ii] The factors p p sfld Sire the siame fiuac- 

tioos nf M as in the classical wave theoxy (see Table 10.IJ* 
and the eqns (10»21} , (10.24) for lOTtiinosity distance are 
also the sajpe, 

An important difference between these theories of Ilghi: 
propai:ation is apparent fxOTn the behaviour of those espros- 
sions as the speed P of a xeceding galaxy opproHches the speed 
of light is (Fig* 10 kO). In the classical wave theory 

approach the finite values 1, <3.2$ and no difficulty 

arises as one considers greater lvalues of c^. According to 
special relntivity, on the other hand, a hecones infinite and 
and approach tero, Irrplylng that a galaxy with p - a 
would have cero apparent brightness and so be unobservable- 
Speeds greater than o are also ruled out as they lead to 
imaginary values of a. Thus special relativity Implies that 
only sources with u <& are observable* 



FIG. 10*4. T^ed-shlfi (a) and atierration factors m a function of 

speed u for classical (solid Hne) and special relativistic (dashed] 
theories af light propagation. 



170 


OFTJCAL EFFECT^ OF THE EXPANSION 


In Almost a.11 cqsoolqgical madela the reatTiction & < c 
iaplles an upper limit an the distance at which scurCes can 
be observed. The observer 0 ia effect!vclf at the centre of a 
spherical surface of radius hnown B-S a i^c^riaoti i and'can 
observe only sources inside the horizon« For the simple cos- 
molDgicai models of Sections [2^4] to C2.6) the horitofi dis¬ 
tance is found simply by Substituting v = & in eclns (Z<3i , 
(2^IS] and [2.24] with the results; 


'h' 


et. 


(steady state] 


0.S (Milne) 


O.-d ct^ (Einstein-de Sitter) 


eSR) (10*30) 


where is the Hubble time* In these models, and in most 
others, the horiton distance is of the same urder as the dis¬ 
tance that is to say of the order 10^^ light years at the 

present time+ 

The existence of a horizon or 'edge' to the observable 
universe may suggest the possibility of observing and enunerat- 
tng all the galaxies within the horiton* There are a number 
of roesons why the posHibillty should not be tahen loa 
seriously« Firstly, galaxies near the horizon wlU he much 

fainter* because of the factors and , than their distauci! 

r 9 a 

alone would suggest. Secondly^ the number of gela^les to be 
observed within the horixon is the IntegrRl 

'rot.l " P 

° (10.31) 

- I'*’’ dp 

0 

where the factor “ 1 • a has boon introduced frori eqn 

(10.21}^ Since a - ■ as r and since in most cosmoloKies 

IncTeases with r, the integral may well diverge at r * 
leading to an infinite total number of galaxies within the 
herlion (see Problem 10.2J. 
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A further eumplicaiiu-n arises i£ ug cons Ido r alsa the 
fact that time intervals in special relativitj' are difforent 
for different observeTs^ For instance, the number density 
was calculated for the >iilnEi model fsee oqn (2.17)) on the 
basis that a galaxy at distance r is observod by ltj;ht i^hich 
left it a time f£|j - after thfl bang* - However, this 

time Interval L't^ ^ t*/^} is calculated in O's reference frame, 
whereas what is needed is clearly the time intern'd 1 in the 
galaxy's awn reference frame. The rnsult of making sllowancea 
for this is, as shown in Appendix ht that eqn (2*17] Is 
replaced by 


H 


E 



(Kilnep SR]. 


[ 10 , 32 ) 


The sasie complication arises for the Elnstein-de Sitter model* 
but the required correction is then much more complicated 
because the relative velocities qf galaxies vary with time, 
and this correction will not be discussed hero. The steady- 
state TDodel is unaffected, since is not a function of time 
in that models 


10.7, CONSEQUENCES OF A G£TfERAL HELATIVISTIC THEORY OF Umj 
PROPAGATION 

The classical and special relativistic models of light propa¬ 
gation already discussed h*vc one property in common; the 
motion of a pKoton once emitted is not affected by the motion, 
of the galaxies or by the changing scale foctor of the uni¬ 
verse* In general relativity (hereafter often abhreviatod to 
CR] the situation is different; the gravitational field of ajiy 
massive body or of the uxiiverse a* a whole is described as a 
curvature of space-time which affects the motion nf photons as 
well as of material particles. 

The.di fference can best be described in terins of t.be 

Vii 

dinonsionlcss distance coordinates introduced in eqh 
(4*12b)* be can describe the position of any particle (tnclod- 
ing a photon) relntive to the Earth at ttme £ either by con- 
ventionel spherical polar coordinates (r. d* cj] or hy 
dimensionless coordinates 3, , Here s, qp ate angles 
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which define thd dipaetit^n in spuco &f th^ particle's positionp 
r Is the particle's distance and a is defined hy 


i? =■ 


CIO.SJJ 


Notice that [a. w) fixe coardinfttM; they are cen- 

stant in time for any particle which aoves with the genexil 
ejtpanslon of the universe. 

Consider now the motion of a photon coiaing directly to¬ 
wards harih. For such a photon ^ nnd ^ are constant, and p 
and a are decreasing- There are two ohvtous posaihilitieli ? 
[t] the photon^s spood relative to us Is e* and therefore 


dj*/dt • - e (oc^uation of motion of a'photon, 
clsssical and SR optics); 




(il) thfT photon "a speed Is e relative to a local observer 

moving with the expsnsidn of the universe. In this case 
the comeving coordinates must he used^ giving 


iir[t) da/dt “ - c? [equation of notion of a photon. 


[ 10 . 15 ] 


GR optics, flat space). 

Differentiating eqn tl0.33J and uiing eqn fl0.3S)| one finds 

^ f m - c * Hr (equation of motion 

of a photon, GR optics* 
flat space) (II3«36) 


which jnaJees explicit the difference between the results of ID 
and (ii]. 

GcneTfll relativity involves a further correction result¬ 
ing from the curvature of space- In a uniform continuum 
modei this correction results In replacing eqn (10.31) by f5] 

* - ff (equation of motion of a photon, 




GR optics] 


( 10 , 3 ?) 
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wlieTe k 15 tho index which takes the value 0 for 

flat space and * 1 for curved space. It replaces In general 
relativity the quantity k introductsd in eqn {4*14) ^ which 
determnos the sijtn of the total energy of a Wewtoninn 575 tem* 
The coordinate « has been scaled in such s way that in¬ 
stead of a pnraffieter descrlhiiifi the of curvature of 

space one has s nuBiber k describing only the of the curva¬ 

ture. In fact the introduction to cosirology given in this 
book is made possible by the complete Identity of two cosmo- 
logical differential equationa: that of general relativity 
with its and that of MewtonlBn. cosmology with Its 

The reader may by now be uneasy on at least two counts« 
first, oqn seems to ascribe to a photon a speed dif¬ 

ferent from o, and second, the whole of this section assumes 
the existence o£ a ^universal time scale^ in that the single 
time coordinate t is used* On both counts it seems that 
special relativity is violatedi In fact this is not so; 
special relativity says that the speed of light ae waoiakJitfii by 
any is e, and the quantity (dj^/di:} of eqn [10 + 36] is 

Opt directly measurable. As regards the time scale^ it is 
true that differently moving observers will in general measure 
timo differently, but it can be shown H] that a set of oa- 

observers in a Hubble law universe can agree on a com¬ 
mon time scale. In all discussions of uenerai relativistic 
optics from now on, the symbol t will denote this common time* 
It la now possible to derive the red-sblft end -associated 
quantities^ in GR. Re-write eqa (10*37] as 


da _ 

/[I-4^^) 


g dt 

' fllTT 


(equation of motion of a photon^ 

GR} [10.38] 


and usume that this photon emitted at tine from a 
galaxy at coordinato and that the photon has coordinate 
Pp at some later time Then integrating eqn (10.38) gives 





dt 

m 7 
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OT 



dt 


fCffg) - /(Up] 


[IP.J9] 


where 


/(a] 


p dp> 

J /Cl-ft(«•')*3 


sin'^ if ft • +1 

« if ft - 0 

sinh'^ # if Ji • 'I, 


(10.4C] 


In pATtlcular^ if the photon i& observed res^hes e ■ 0) 

at time then 


■cr 



it 

^TtT 




(ID.41] 


Nond being the comovlng coordinate of e galaxyp i£ 
constant in ti»e. Hence if n..second photon (or wavecrest) is 
emitted »! tiflie ^ At^ and observed at time 
(10.41) t$ replaced by 


/(Bg) 


a 


1 


0 




E 


it 

mi 


0 



eAtg 

" sTip" 

(10.42) 


where it has been assimed that ff(t) does not vary signifi¬ 
cantly daring the tiine intervals 

Comparing eqn (10.42) with eqn CIO.41] gives the very 
simple result 


m^ 




and as in Section £10.2) we infer that the red-shift a satis¬ 
fies 


1 + M 



»(*□> 
^ ■ 


(10.43] 


This result has a particularly pleasLag interpretation In 
terras of wavelengths. If and are enltted and observed 
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wavelengths of » phototit then 



+ a 




{10.44J 


so that the hravclenisth has. been •‘stretched^ in the course of 
the ;7hoton^a journey by the same relative aJncumt as the scale 
factor of the tmiverse has increased.. 

It has already been noted [p. 162) chat eqna Clff-7) and 
[10-151 for the factors and remsin vmlid in GR optics- 
This is also true for the aberration factor as it best 
shown by calculating the apparent brightness of a source dir¬ 
ectly^ as follows« 

Consider a source with total energy output L and intrin¬ 
sic brightness a In the notation of Section 10*4, and suppose 
a system of cpmcvlng coordinates (ir, has the at 

its Centre* By the cosmelogical principle the laws of optics 
must be the same in this coordinate system as In that based 
on 0* SO that photons must travel outwards from the source in 
straight lines. The distance these photons travel before 
reaching 0 at time Is Ihy eqn {IP-SS}) so that the 

photons which strike unit area at 0 form a fraction 
l/4Ti{fl[tof ail thosfl emitted. Combining this with the 
red -Shi ft factor of tqn (10.75 gives the bolO' 

metric apparent brightnoss as 


5 = 






and the balometric lumiDOsity distence therefore as 

.Is 


(« 




[ 10 . 4 S) 


This result lools different fron tlint of eqn (10.21]. 
Jlowevnr, the distance at which o observes this source Is Its 
distance at the time determined by eqit (10.41). If we cell 
this distance r. then by eqn (I0,3J] r > so th«t eqn 

(10.4S] can be written 

■>1 ■ WI^T 


r 
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Finallyp the exprcjnlDT] for the red!-shift gives 

d - £ 10 . 47 ] 

it 

SO that the form of the classical express ion for iun lnosity 
distance is retained in general relstivlty. It follows by 
eqn (10-211 that the aberration factor must also retain its 
classical form (nqn flO*lSj). 

10.8. THE CASE OF SMALL RED-SHIFTS FOR THE THREE THEORIES OF 
LIGHT FROFAGATIOK 

In this section we show that despite the very different 
appearances of ihe three expressions for ^ in Table 10.1> they 
all reduce for close and slowly receding sotirces to 

a u/e or sufficiently siaaM). (18x41} 

In the classical wave theory, eqn CIQ.4B1 is exact. In 
special relativity one Can see fron the second row of Table 
10,j that 

it 

— * - ^ ^ I £ot m<l and therefore for v/c <1 + 

£. + 2,11 + M*" 

In the general relativistic case notice first that eqn 
(10.4JJ implies 


flO.4^1 

Now expand as a Taylor series in retaining only 

the first two ternsi 

«[<„> - *t«5l . IV‘b1(S). 

- fio.so) 

Notice also that if is ^ttiallp eqn (10.41) Implies that 

LB soiaLl and that 
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^ £10*51] 

Comparing eqn (10^49) with eqn (10*50) and uslns eqn [lO-SlJ 
giv^s fineliy 


= ■ p/tf* 

where m is the distance at which the source is 

observed* 

■ 

10,9* THE DEFiNlTION AND WEASQREMENT OF DISTAh^CE 
As general relativity involves the idea of curved space it is 
natural to ask whether the cowmon-sense idea of distance is 
adequate in a cosmologiul tontoRl* The purpose of this sec^ 
tlon is to discuss possible way* of pie^surtng and defining 
distanceP The types of meBsureinent to be considered all in^ 
volve light signals (or signals using other parts of the 
eiectroiaagiietic spectrum] and can be classified as follows; 

(i) Indirect methodsp including measurement of apparent 

brightness and measurement of apparent angular diameter* 
{ti} Direct methods^ including parallax measurements and 
radar measurements< 

(iii) Simultaneous measurements by widely spaced observers. 

The indirect methods are those which require knowledge of 
some property of the objiect whose distance is to be measured* 
For instance» If one measures the apparent brightness S and 
the red-Shi ft a of a distant galaxy^ and If one knows its 
intrinsic brightness A, Its distance p can be inferred from 
eqn {1D*20]* This is valid for all theories of light propa* 
gation if in the general relativistic case n is the distance 
defined by eqn £1^*53] at the time of emission 


r ■ aO*52] 

The apparent angular diameter of a'source is defined 3s 
the greatest angle 5 subtended at the observer by any pair of 
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light rays fraa the source (see Ftg^ lO-l]- Tho figure is 
valid in curved space since the light rays involved travel 
radially^ and th-erefore in stTaight Lines ^ Ln the obs-erver^s 
cDordifiate systemi* If the true diaffleter D of the source Is 
Itnofc^n^ one can infer r from the geanetry of the figure* which 
gives 17 = Zr tan (5/2} « or in the linit o£ small fi, f? * r6^ 
This is niso valid in general relativity [5] If r is defined 
by e^n (10.52)* 


Ohwrivr 



fiC* 10*7 Apparent dljameter of A saiirce* 

SIK 

The direct methods of measuring distance can be used with 
no knowledge of the object's properties. The pern 1lax nethod 
involves noasiiring the change in direction of the lino of 
sight tB the distant object ns the Earth naves fTo™ one side 
of its orbit to the Other. In practice, this direction also 
changes because of aberration of light resulting from the 
Earth's changing velocity* but the onount of aberration is 
known and can be corrected for* Fig* ID.Eta) illustrates the 
light paths for classical or special relativistic optics ti*e. 
in Euclidean space} and Fig. 10.5(bl does ihe same for general 
relativity* The angle d la called the pgpaZTflj of the source, 
It is evident from Fig* 10,1 [a} that if d-cnotes the diame¬ 
ter of the Earth's orbit* then in Euclidean apace ^ r land, 
or since a is always very small ^ f convointionBl 

to define a purallans d^Etanae li^ accordlfigly, so that in all 
cases 


dp * ® ^ Euclidean! sp^ace* (10. S3) 

The general relattvi^tic cnlculutidn of d 

p 

berg |&], and in our notatian results in 


is given In Wcin- 
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FIG. ]0h8{^) FqrAUMx pf m sourEi^ in clnsislciil and spacliJ rcJjitlviitic 
0|n:ic$. 



FIG. iO.-Stfa) P^jimnax cf a acutcc in jfenptal relativistic pptiErf. 


d 

P 


/(l-J(n*T 




U0-S41 


^here 9qn$ {10,43] and (ld,S21 have been used. 

The radar neasurement of dialance uses the 
procedure; a short pulse of electromagnetic wavo^i Is emitted 
by the ohAerver 0 &t time The pulse is reflected from 

a distant object G ond settle of it retyrtts to 0 at time £^- It 
is then inferred that ihe pylse was reflected at b tine 


t 



( 10 .SS] 


and that the distance of G fTom 0 at that time was the radar 
dtat-an^^a 


no.sft) 

The reasoning behind this procedure Is apparent from 
Fig. 10.9ta] which shows the motion of the pulse relative to 
0 according to classical or special reiativistii: optics« for 
which the equation of motion of the pulse is dj«/df ■ 
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FIG. 10^9(a} Motion sf a rud&r ptilsc? In Erla^^it^al and sipffctaL relativis¬ 
tic npllu. 

Notice that the motion of CJ [here sihown Boviiig fiwny from 0) is 
irrelevant, and that the radar distance is iti this case the 
same ns the actual distance r- at the time t * 

& T 

In general relativity vith flat space the equation nf 

motion Is, hy an obvious extension of eqei ir/dt = 

i e + As a result Fig. 10 *^(b) must he replaced by 

10i9{bK This figtite is drauti for the steady-state modeK in 

which ff is constant, but the curvature of the radar pulse 

paths will he similar in all expanding-universe modelNote 

that t denotes the actual time of reflection of the radar 
rp 

pulse^ which is nor the same as The equations of motion 

can easily be integrated for the case of constant (see Prob-^ 
1cm 10<L) with the result that the radar distance is 


■f 




FTCi LOhSCb] Motion of a radar puls« in general TfilativiStlc Optics for a 
Steady- sta ta universe. 
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Esteady state] ■ —j— iTTr^ToTJ^J [I0^S7] 

V/riting r far for brevity', and evpanding eqn 110^ £7) 
as a Taylot series in one finds 

d. (steady Stitt] - * ...} 



(lOsSS) 


so that radar distance.a appros^inat? 'true* distancBs close 1/ 
at short range * 

Jt is apparent from OqnS (10*54] and (ID*SR) that both 
the ^dli«ct' methods of distfitite (fleasufoaent produce results 
which differ from the distance r defined by eqn (10.43) » but 
also thet these three quantities arc nearly equal at short 
distan^s* This suggests that one might approach the defini- 
tlon of disiatico by dividing a distance such as OG Into a 
large number n of equal sections, each section being so short 
that the different measures of distance would be approximately 
equal. The limit n ^ would then givT a unique measure of 
distance. For instance^ if n observers D, 0^* v** ^ 

equally spaced along the line OG, each mBke radar seasurenents 
so synchroniied that the pulse reflection time Is the saffie 
for each^ then each Individual radar dlatance would in the 
steady-state theory be like eqn (10*SB) with r replaced by 
r/ji* Adding these n distances together would then give 


(steady statep 


PI observers) 




[10*59] 


Taking the limit of n ^ gives a measure known as the proper 
dtMtan<f0 I 

‘^prep 


(steady state) « r. 


( 10 . 60 ) 
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OPTICAL EFFECTS OF THE EXPAHSrON 


This sinple result is a consequence af the fact that the 
atead]r-stBte uiodel has flat space ^ ft » 0. The corresponding 
result for general fc is [7] 






Ptt.JfU) 


(10,615 


where /[a] is the function first introduced in ec|n (10.40), 

It follows that the proper distance of a source at the Time of 
emission t equals the distance r of eqii (10,4S) if* and only 
if^A * 0. 

Obviously the set of cooperating observers envisaged in 
eqn [10.S9] dans not exist on a cosaolsglcal &cale, I^sO That 
^ directly TaeasUrabln quantity. The radar and 
parallaii; methods aro also limited in Tange - the radar nethod 
to within the solar systejn and the parallax method at present 
to 3 few tens of light years — so that the only practical 
measures of cosmological distances at preaont are those based 
on inferences fron apparent brightness and apparent dlaneter^ 
Both are subject to a basic uncertainty in that the inference 
depends in each ease on knowing the Intrinsic brightness ox 
diameter. Also the intrinsic brightness aiay change with time* 
as discussed in eiore detail in Section ll^S^ while the mea¬ 
surement of apparent diameter is complicated by the fact that 
galaxies do not have sharp edges, A comparison of the two 
meaiurea can help to reduce the uncertaititlest however t“fi 
pr^Hoipla the two need not be considered separately since they 
fire simply related in all models: 


(apparent diameter) ^ • £i*^a)^:l. 


The next chapter therefore concentTBtea on the notion of ap* 
parent brightness. Apparent diameters are discussed In Sec¬ 
tion 11.6. 

Of the distances r. d * f d introduced in 

p r L p r o p 

this chapter, by eqns (10.S3] and (10.61) both r and d 

p rnp 

satisfy the HubbJe low in the form 


^ ■ tfi* with B ■ B/fl. 



AtCORClXC TO VARIOUS THUORltS OP LtQft 
PROBLEMS 

(10,1) ShoM thst if ft rftdlo source has & spectruB of the ty^pe 
110.11} with 4 - It than I'(Vj.Vj) as defined in [10*8) 
dapeads only on the ratio * Verify that this 

intplies ^ It in agreeBent with (10+13} for a ■ 1* 

(19.21 Using eqtis (10.291 to (10.32], (0.23], and (2.S] to 

show that for a special relat iTfistlc model of 
light propagation the number of galajcies within the 
horizon is 

(b] infinite for the Milne model 

(b) finite, and less than 8/2 n for the 

steady-state model. 

(Note: the chnnge of variabie u ■ O.S - r'/oti. iM helpful 
In fa), and similarly u * I - is helpful in (hl-1 

(IQ.iJ By Integrating the equations of motion IllustTntod in 
Flf, 10,9fb)i and using the definition (10,Bb), verify 
the wpresAion (10,57} for a radar distance in the 
stcady-atate theory. 
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II A. OBSEUVED QUANTITIES 

TNe models of tho univ«T£se whicti have been c^lscu^sed far 
can be smatiarised as followSi^ Sources of electromaHiietlc 
radiation are distributed more or less LjiiifDrinL;^ tbrouf^b 
f9pace and are novlng according to Hubble^s Ihh, Thts scale 
factor /f{t) obeys a differentia] equation irith three para- 
■eters Ci A* k, For a large number of the sourc&5 one caji 
measure the apparent brightness E (or and the red-shift a 

Within this framework there are several possibilities fOT 
relating observed quantities to cDsmolDgicai parameters. Dne 
can observe* to quot*? Only the more important itetissj 
tl] the apparent brightness of sources as a functiofi of 
their red-shifti?^ 

{iia) the number of sources having apparent brightnesses with 
in s given range» or 

tiib) the number of sources having red-shifts within a given 
range: 

{liij the bachground brightness of the night sky. 

In each of these cases one can* with sarnie additional m- 
sumptions* predict the observed quantities theoreticslly for 
a particulnr set of values of (C, A* The process of pre¬ 

diction is illustrated in this chapter for the simpler Cosmo- 
logical models. The hrightneas-red-shift relation [i) is dis 
cuSaed in Section 11.1^ the source counts {iia] in Section 
11.3* and the background brightness fiii) in Section 11*4. 

This account suggests that the basic questiofis of cos¬ 
mology are near solution - one has only to compere accurate 
ohservatioital data with the predictions and the values of 
k, k can be founds That this has not bean done is a result 
partly of observationil limitations - for instance the corrac 
tion factor of Section Id*2 is particularly difficult to 
estimate for photographic observations of galaxies nt large 
red-shlftp and it Is Just these observation? which are needed 
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l&S 

to dis£in.^ui£h between caswoiojsical latKlijlSj as in Sec¬ 

tion n.3. A Bore fundaiBcntal j^robleB the iincertfliJity in 
the intrinsic hrightJ^ws of sources* This uficerteincy has 
twD Components. 

Firsts different t^peA of gaiasty have different intrin¬ 
sic brightness at the present time, and presu^iahly at other 
tines, 50 thiit a plot of observed apparent brightness agsinst 
red-shift will show considerahle scatter* The scatter can be 
reduced by lookins at clusters of gaiajsies and recording cnly 
the brightest galaxy of each clu^rter, since such brightest 
members are found empirically to have more nearly equal in¬ 
trinsic brightnesses than the general population* In rcfcont 
tines there has been a tendency to use the fifth brightest 
nenher of n cluster instead, and also tn use criteria based 
on the type of galaxy* 

Secondly^ The intrinsic brightness of each galaxy must 
change during its lifetime, since this brightiross must be 
small both before stars have formed and after most stars have 
oxhaiisted their nuclear fuel. In all big-bang models the 
galaxies are foriied in a single relatively short period of 
time- Thus,, if two otherwise identical galaxies are ob¬ 
served at different distniices, the differing light travel 
times mean Chat we see theta at different stages Of their his¬ 
tory and therefore probably with different intrinsic bright¬ 
nesses. The amount of this evolutionary change in bright- 
jiesi and of the correction needed for it are very uncertain 
at present fsee Section 11-51* 

In the nest three sections of this chopter attention is 
concentrated on ttie three cosmological models first mentioned 
In sections 2.^4, 2-^, and 2.& * the steady-state p Milne 
(M), and Einstein-de Sitter (E) models. These models have 
the advantage of matheniatical simplicityt and also yield 
simple values of the deceLoration parameter q ^ (steady 

stateK 0 tMllne), and *0-5 tEinsteln-de Sitter), One can 
consider each cosmological model ^ti conjunction with any of 
the three tboories of light propagation* leading to a 5 * 5 
DiELtrix of possibilities with an associated simple notation^ as 
In Table U*K This notation is used frequently in the 



J96 


OPTICAL OBSERVATIONS AND COSMOLOGICAL MODELS 


foIlDMlng sections^ 

TABLS Jl.l 

Uotaticn /bp UopMUifl m&dete 

Tl^ifiories of light propagation 

Classical Nav«! Special General 

Theory Kelatlvity^ Flelativlty 
(C) tSftJ fCfll 



Steady Stste 

SC 

SSft 

SCR 


IS) 




CdSitto logic ill 

Milne m 

MC 

HSR 

NCR 

Dodcls ' 

Einstein^ 
dn Sitter (E) 

EC 

HSR 

ECR 


LI, 2. THE APPARENT HEIIGHTNE&S - REP-SHJFT RELAtlON 

V>' 

In this stiction the luminosity distanc« introduced in 
Section 10^4 is used ns the mo^t convenient raessure of apps— 
rent hrlghtness. The procedtire for calculatine ag n func- 
tion of red-Shift a is different for different theories of 
light propagation. 

For the clusical and sphecinl reletivistit theories the 
most convenient expression for is contained in Table 10-1 
and is repeated here for convenience* 

• Si 

= fl*a}V. til. I) 

These theories also provide unii|ue relatioiis between the red^ 
shift of a gslaxy and its speed of recession p, and thc^e are 
reproduced here from Table 10.2: 

!! “a* (Ch 

v - o " A = (SR], (11,Z) 

* i d+sr]' + 1 

Finally, the travel time of a photon from a galaxy obsenred at 

h': 

distance r is simply- i*/e in both theorica. The relations 
between r and calculated on thlj basis in Oqns (2, 
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C2»lSJi And foT thm simplcT cDSTnoIoglcal are 

thcrfifore valid ATid Are reproduced here 


7- = ti ty 

i + y/d 
*" “ f - Su/cf 


tS) 

(M) 

tE} 


(11. J) 


Where in each case ia the Hubble time, the reciprocal of 
the present value qf the Hubble parairteter. 

The relation between and b. is now easily found by com¬ 
bining the appropriate part of eqn [11.3) with the appropriate 
part of eqn (11*2j and substituting th# result in eqn 
For instance, if cine is interested in the Milne aodel and a 
special relativistic theory of light propagation, one combines 
the result [M] of eqn (11-S} with the result fSR] of eqn 
(11,2) and finds 





U( [l+a)^’l}/{(l + *l*+U 


at|.{ ( 1**)^*1 ) at.. f 2 +«)d 

---5- - , tMSR). 

* [(i+aj 'ij 2tiMr 


SubstitutiTig this in eqti [JKl) fives 

dj, - aty a(l+tl.S*} [HSR). [It. 4 ) 

This, and this five car responding results arising froB dif¬ 
ferent choices of imdels, are sii»«arii.e!l in the first two rows 
of Table 11.1, 

for a general relativistic theory of light propagation 
th* procedure Is necessoTily quite different. Since the travel 
time of a photon is not sinrply pfa, the results (11.3) are 
not valid, and it is convenient to replace eqn [11.1) hy eqn 
[10.45)! 
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,xmE :u2* 

dimepimr in ^ f^r mdelA 


^tSHyvSate Milne Eliistelit-de Sitter 

aode] SDdel 


^a=s^el ™.e 


aSl*e} flic:^ 


Tior 


CfiC} 


Special 

Telativitjr 


(SSa) a[l*a,S#)* [MSB! 


fesR) 


General 

reUtlvity 


CSCR) 


iii^O.Ssr (NGB] 


l<i;i*ii)'CI*a)''^ (EGA) 


*Oth«r 4bservfttl0fvii4 iaspUcatlaus axe jilsa tdoiitical (Table 11-3^ 
e^UACioflA (10.30} and (U.13]]. 

* tl**3 Cll^S) 


The dimensionless coordinaie 3 is itself related to the tifte 
of enissien by eqns (10*40J and fl0*41) [the suffix on * 
has been dropped for convenience] 

sin*^ * i f fe =* *1 
e if k = n tn.6) 

sinh*^ e if Jt “ -I 


* I j?ftT “ " 


and the time of emission is related to the red-shift by eqn 
(10.4S)s 


1 * B 




(1U7) 


These equations ellow one in principle ip calculate d. as a 

ki 

fimctlDn of a, given the form of the function ^[t] and the 
value of A* The procedure Is fairly complex and the three 

simple casBologiul models will be considered! separately. 

■(■ 

For the steady-state moilot we linow fron eqn (2«10} that 
the scale factor fl(t] is eijual to exfiJ?), and it can 
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m 

also shoiwa that k • Q [L]. The re-scaling procedure of 
Section 4«S alloys an arbitrary choice of the re^scalin^ 
factor P whoa k * 0, sad the E30st convenient choice is that 
which leads to 


iKt) * I exp(Hi] [s}, tn.a) 

It is also possible and convenlont> since the steady-estate 
model has no natural origin of tiPe* to choose 

* y and hence } ■ f [S), CH^P) 

D ^ ff 

rjfi- 

Substituting eqns (11. BJ and (11^9} into (IKS) with 
Jfe = U j one finds 

• - ^ I " I - expt-fitgM 

*1 ^ E 

wh«>i>c« 


e*p(“(ftg) » I + B, { 11 . 10 } 

But from «qns {11.7), flKS). and (11.9) 

* “ TiTlfTe^TFfp' " [U-Jl) 

Conrparing eqns (IK 10} and (IK 11] gives a - and substitut¬ 
ing this with eqn {11>9] into (IKSJ gives 

(SGft). (11.12) 

The lifistein-de Sitter node! discussed In Section b.E 
and has If = 0 and S(t) * The scaling factor ? Is again 

arbitrary and will be chosen so that 

SCS) - ( 11 . 13 ) 


and in particular 
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- Sotj,. (11.14) 


Substituting this in eqn {11.6) with ■ 0 gives 


f “ it _ 1 1/3 ^ 1/3. 


* <3 


H " ® ^ 


- I * Ctg/*o3 


1/3 


whence 


‘e ■ ‘cCJ'-J’ 


£11.15] 


Also, using eqn (11.15), 


i/5 


t _ ^**0^ *0 ^-2 

i ^ • flirp- “ - fi-J 


whence 


• = 1 ' n+a) 


-0.5 


(liafi) 


Substituting eqns (IKlb} and (11 ..14] into eqn [11 ai glv^s 
finally 


- [EGRJ, {U.i7j 

Mhen tb& relation = 1.5 first noted for the Einstein^ 
dt Sitter model in Section 2^5* has been y^d. 

The Milne model is discussed in Section 0.2.6 and is 
defined by fc = *l=^and 

i?Ct) * cn • etf,. fuasj 

Substituting inia eqn (11*01 with fe • givea 
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sinh*’ " ° I ^ * 


tg * tjj oxpt'ain (11.19) 


The r«d-s)iift, ujilng eqns Uiafl] and (11,19], is glv«n by 

I. 




which cmn he shelved" to give 


n^mr - 1 


( 11 - 10 ) 


Finalsiibatitutlng ei^ns (11*10) and {ll.lij into eqn 
(ll*S) gives 

- «tj,*U*0.Sa) {HGRJ, [11. Jl) 


where enn (Z-ll] hms also been used. 

The results of this section are summatlied in Table 11,1 
and Illustrated in Figs 11.1 to 11.3* All three figures have 
two properties in comrooii: fLrst» all curves lie below the 
straight line a - and secondly the value Of a for 

given increases as one goes from the steady-state model to 
big-hang models of increasing deceleration paraoeters-^ The 
first property is e simple consequance of >1, 

which holds for all entries in table 11The second proper¬ 
ty follows from the fact that for a given observed distance, 
the Velocity of recession is higher for flmdels with a large 
deceleration parameter^ It is evident from the? figures that 
all tnoiiels predict d^ for and this allows obsor- 


4 1 2 '’2 2 

^Suppose ^ +y+iJ. Then *ij • ^ a, a* * 1 * |^ a - 

~ 2^^ * I, a ^ ^ith - I • a verifies eqn 

Alsoi If then o * ■ slnh u* so ejtp fslnh"^ e) =«=^ 

2 ^ 

eapCw} • ^ • /i_a * a, ai required for eq:a 
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FIC. lUl Uipinfi^lty distance as a functicm of rod^ahift acci^rdlnj; to 
classical optics UBin^ the oquarioiii of Table 11.2. 



OJth 


Hliul^n-dc Sillef^^ail 1 

fiiCBdy-stiiiE —]? 


FIG- 11-2 Liiaitioalty diatjince as a fiiflctiDn of r«tl-shift aecordiTiiK to 
speclul relatlvLatlc optics usInjL the eqkidiiotu qM Table 11 . 2 - 
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FI(i* li.3 LuniT][> 9 lty diitdnc49 8S ■ funeii&n of red-sli^ft Bcicofillfii tix 
geofral relit ivi-sti^ tipticjs usinpE tlis eqmition-s of Tfl-bie tl.2- The dishedi 
curve is cttleulited frera tha power series approjciBatioiifc eqn flip72)* 

vational estinates of to be eiadt) which are independent of 
the model chostn* It Is possible to distlnfuiah clearly bet¬ 
ween models only at rather larfft red-shifts* where the obaer- 
vfltional tincertalnties are also large- Data of apparent 
brightness verstts red-shift therefore do not yet di^crifflinate 
very eonyinclngly between different cosmologlcil models, as 
will also appear In Section 11*S^ 

11.3p SOURCE COUNTS 

It possible, DS noted io Section IKl, to confilder eilher 
the pmaber of sources within specified brightness limits or 
the number within litnitlng values of red-shift. However, the 
source count technique has been used priutarily for radio 
sources, and red-shifts cannot be RLeasured for those unless 
they can be identified with a visible or photographal^e ob¬ 
ject. It Is therefore usual to consider the quantity 
defined as the total number of sources with apparent radio 
brightness greater then some limiting value as a function 
of lit this section the boloiDetric brightness S la con¬ 
sidered far simplicity i^and the calculation of la dis¬ 

cussed with the simp lying assumption that all sources at what 
ever distance have the same Intrinsic brightness A* A morn 
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Accurate Calculattan ( 21 vouid; involve an Integratioji over the 
range of possible values ef A at any given time, together 
with an allowance for evolution^ 

Since the intrinsic brightness of radio sources not 
identified with visible objects is poorlj^ known« theoTstical 
values of B are uncertain, and attention has been conirentratecl 
on the Bhapa of the li^{S}-S graph. In this conteift it Is 
interesting to consider what shape the graph would have in a 
uniform static universe with flat space ti.e. Euclidean geo- 
tiiotry]« In such a universe the space density of sources is 
equal at all times to its present value so that the number 
in a sphere of radius centred on the observer is 

"t-iJ - 

Since there Is no red-shift in a static univerae the apparent 
bolonetric brightness of a source on the surface uf the sphere 
is, as in eqn (10.19)p S ■ Sources in the sphere all 

have apparent brightnosscs greater than so that ia 

the same as It follows that 

■ ¥*.( 1 )'" ■ 

and therefore 

las{JV(5)l * JT' - leges') funifomip static. 

Euclidean universe] 

where JC and K* involve only the constant intrinsic brightness 
and constant space density of the sources. Thus a graph of 
logofff5)} against log(^] would in this very special case he a 
straight line with a slope of 

When discussing source counts in an cKpanding universe it 
is necessary tn specify i theory of Liglit propagation^ for 
the classical and special relativisiic theories it is reason¬ 
able to assune Euclideait geoffictry and to consider again a 
sphere of radius centred on the obBorver. The number of 
sources observed in the sphere fl.e. obEcrved at distances up 
to p^) is 
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■ W(Sl - 4ii I (n..S3) 

a 

where the ob^er¥e<ti source density at distance Fi Is related 
to the true densitj' yv^ by eqn [10,aSJ, so that 

f**^ 2 

If IB} • 4 ti I p [ 11 , 34 ) 

Q 

The 1 Limiting brightness S corresponding to the disteoce is 
given by eqn {tO.ZD] so that 


3 




(n.3sj 


being the red-shift corresponding to distance 

It is now OBcessary to specify the theory of light propa¬ 
gation and the cosmological model. These determine as a 
function of r,, and a and as functions of so that *HB) 
and S can both be found as functions of It wouldj of 

course I be deBirahlo to solve oqn £11-IS] for as a functian 
of S\ but this is not possible for most models. The best that 
ran be done is to calculate 313} and S separately as functions 
of r*p and plot one against the other- The results needed are 
the expressions for a as n function of a in Tnhle IC.ls and the 
pressioTis for n as a function of P in Table ID.li and the 
results of Sections 1.4 to 1.b reproduced belowt 


u/a-ifS), (n*3fc) 


and 


^ (SJ. 


fMc>, 


(MSBU -Si)^ fBCl. 


(U.571 


where the notation 




(11.Si] 
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hds been introduced. It is convenient to revrite eqns (11.34J 
and (11.35) ie terras of ^ and *. ■ »s 

iJ it H 

3 z 

ff(J) • inCotj,)" J ir'^d+ej/y^d^, ( 11 . 39 ) 

Q 


Ay 

a^V * 


(ll.-iOJ 


The calculation is now straightforward except possibly 
for the evaluation of the Lntejjral. Por instance. If one is 
Interested in the steady-^state Model and a classical theory of 
light propagation. Table 10,1 with eqn (11.36) (S) gives 


a “ t>/e - (SC) 


and so eqns (11.39) and (11,40) becone respectively, using 


eqn (11.37) (S), 

^ If 

It IB} - (TiCee,,)^ I a^(l-3T)lf„dx 
0 




%^L 


(SC) 

(11.41) 


5nd 

A/iet 

S - -(SC). (11.42) 

the resulting ahoan in Fig* U.4* CorrespcndiJin 

j^rapKs for uodel^ 5SRp MC, MSR* and EC are slsa shown in V’i^s 
11.4 and 11*5 and some of the underlying mathemDties Is dis¬ 
cussed in Problem 

All curves shown have M negative slope simply because the 
number of sources down to brightness 5 hm* been plotted^ and 
this number must decrease as S Is Increased* There are two 
main effects which displace the curves shown relative to the 
line iif appropriate to the static universe. The first 

is, that expnnsioxi weakens the apparent brightness of any given 
source, and this displaces the curves to the left* Further¬ 
more this effect increases with distance and this results In 
the curvature shown- The second effect explains the 
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di££exeiice betwfiCJL the stejuly‘state curves and those for the 
bis^bang models. It is this; as one observes lower apparent 
brightnesses, one Is observing earlier states of the unlvorse, 
which correspond in hts-hang models to higher densities. The 
curves for the big-bang models are therefore expected to lie 
above the corresponding curve for the steady‘State model. 

The general relativistic calculation, of source counts 
differs from the foregoing because the photon travel time is 
no longer r/o, and also because in non^GucHdean space the 
volume between distances *■ and * *- dr differs from the Eucli¬ 
dean value dw^dr. In terms of the dimensionless distance 
coordinate a, the number of sources observed at coordinates 
between e and e * da ia [3] 

dJV - 111.433 

^ ^ ,/{l-ke^3 



FIG. 11,4 Kuaber #{S) of Mijtceji with appstont brightness greater than 
= according to gptici using tf{n$ [it.41) and And the 

reiulCSi of Prablan 
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Ftii, 11,& Wi3iib*r of somrce? witiv tppartnt tjTigBtneaa grater thsn 5, 

according co specifil rfliatlviatic Qptlci ualilg the T«^u|t^ of |>Tei5lci* 

11 . 2 . 


where is the tine of tmission from Ji source which is ob¬ 
served at coordinate and has been re-naaed to ea^c 

the time dependence explicits The time and^the coordinate 
S are, of course, related by the photon travel tiine enns 
(10^41) and (10.dQ): 


" 1 sfe" ~ i 


_ da * 




In the context"Of a source count, the time of observation 
can bd regarded as cnnatant. Thus a cjiange from f Co 
a + da involves a change from to * dt^, where 






dfl ' 




d; 


Cl 1.45) 
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Subtracting oqn (11.45) ex^n [ii-44} gives 

. da 

and using this to change th* variable in eqn [11+43) frow * to 
give* the siBploT result 


d# - -4ii fcgJi^dtg 


[11.46] 


where a ttiust nnii be regarded as s function of detemained bf 

eqn [11.44]« 

The source count is now obtained bv integTsting eqn 

[11,46) from the present time back to a limiting time 
which is the time corresponding to an apparent brightness 
The steady-state model has so 

ff[Sj - J (SGRJ. fll-47] 


In the Milne and Eifisteio-de Sitter models, assuiaing no crea¬ 
tion or destTBCtlon of sources during the interval of cosmic 
time instead from 

eqn {2,lQ)r and SO 


f ' 

J 


w(-S) 






[MGR, EGR). 


[11.48} 


ft 

the corresponding limiting value of is found from eqn 

[10,45] as 


5 - ^ ^ -3-3 {11.49} 

where are values of s, i correspondIng to the time t^t 

The Calculation for each model can now prooeed using the 
relations between a, a, Bt and derived In Section 
For the Milne model we have from eqns (11.2D)„ and 

the relation ^ that 
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2DQ 


flltj) - IT - 


in 

; 1 * • “ A til.SO) 


*0 - *w 


Subfitituting the first tvo of these in eqn [11-48] with 

1 

ai 

■'H'l'E-' ■■ 


ff[a) - I { z'ct 70 } JtT tll-61) 


A change a£ variabla to g ■ ^1*1® 


HS} - ^ 

• {g'^-2g"^*g} dg 


- iTAi„tetn)’{o.s(g'*-i) ♦ 1 * o.S(i-gJ)) 

and if Me define w ■ 1/g^ = Wj^ * 

tbit rccJyces to 

^ti’ 

The limiting valu^ pi ^ Is found fron eqn . Notice 

that from aqii (11,50), and also 

[Uaja • tCej/*g)^-U/2 = {tf-lj/l. 


sc that 


S • - ^ - j (MGR). (U.SS) 


EquatLoirs (11.52, S3l are equivalont to 1(5) in problem (11,2) 
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with the replacenent - l/{l-2a^^. The calculations of if{SJ 
and 5 for the model* SGR and EGR are equally straightforward; 
the results are given in Problems 11,3 and ]i,4 and the graphs 
for all three models are shown in Fig. li,&. The quaiiiatire 
features of these curves have already been discussed In connec¬ 
tion with Figs 11.4 and ll.S 





-04 <5-4 


I I i t l a 

r ti 14 




2't} 2‘4 


FrCa IL.6 Nyiit«r 9f vllh ^pjiarent brightn^is jEradEcT %hmn 

Sf. m^cq-rdlng to reliitfYlstic opiict uaifig (11.32) ^nd {iU53} 

th-e ro-sulEs o-f Problems 1J.3 and 11.4i The Efiuhed imTvB reluteft to 
m radio apparent brigbtneatp a^surtlng a tpcEitrni indoit 0.2| not to a 
bolcnetric apparent briAhtness 

The dottod curve represents a source count for the StjR 

model in which the apparent radin brightness Is considered 
rather than the bolone trie brightness S, assuming a spectral 
index of 0,7. It enn he derived from the corresponding curve 
for s an follows. By eqns [10.22J and (10,24) the ratio S^/S 


2Q2 
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for a source with spectral index 0-7 and red*shift is 
SJS • . 

Now ^(S}^ calculated Troin sqn Uli.4£J or [11.49), Ls siinplv 
the number of sources observed at red-shifts up to 4^^, and can 
equally well be denoted by The procedure for convert¬ 
ing a graph of U{3) against 3 into a graph of against 

is therefore simple: multiply each value of ^ by 

fl t 

- Since the graph shown la logarithmic and we 
are Interested only in its shape^ the constant factor 4^/A can 
be ignored, and this has been done in the figure^ 

It is now possible to compare the theoretical source 
counts with observationr The theuretical curves all have 
slopes which are less than the value for the straight 

lino ^[51 ■ However* the ohservod source counts (4) 

lead to curves which arc generaHy etoaper than this Hne* 
with slopes of about The discrepancy is so Urge that 

it filmosc forces the concluslcm that evoIutionBry effects are 
important* in the sense that either the intrinsic brightness 
of radio sources changes with time or their space density 
changes with time in a way different from that allowed for 
by eqns tlU4iJ or ill A9). Since the steady-state theory 
cannot allow either forta of evolution* the sotirce counts are 
generally considered ro be strong evidence against that theory- 
It is also clear that the source counts cannot be used to 
decide between Friedfliaon modeJs until evolutionary effects are 
well understood, 

1K4h how OAftK IS Tl!£ NIGHT SIY? PARADOX 

(a} ifualftorfOi? 

The preceding two sections dUcuased ohservatlons which can 
be made only using a fairly large optical or radio telescope- 
No instruments at nil are needed, however* to make the obser¬ 
vation that the sky is dark at night! The surprising fact 
that this rules out some otherwise possible nkodels of the 
universe was pointed out by de Cheseaux [^1 In 1744 and inde¬ 
pendently hy Olbers [t] in llZb* The result is now commonly 
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Itnovn as the Olhera' [7J^ 

The paradox arises when one considers a universe which 
Is 

tn infinite in extant\ 

{ii] unifarm in space — the mean density of galaxies in 
space does not vary with distance; 

(iii) static - thern are no systcHatic motions of the galax¬ 
ies , also the mean brightness of galaxies does not 
alter with time; 
fiv) infinitely old^ 

Such a model universe differs From any commonly accepted to¬ 
day in having, by property no overall expansion. 

Property (iv) in conjunction with [iilj is also ruled out by 
the conservation of energy, since it implies that each galaxy 
has emitted an infinite amount of energy in the past* In 
Olbers^ tlme^ however^ the first three properties at least 
seemod plausible and were quite widely acceptedi with the word 
^star' replacing ’galaxy'* The fact that property (iv) is 
essential to the paradox was not noted explicitly by Olbers- 
A non^mathematical statement of the paradox can be given 
as follows. Since stars sre of finite sito^ any straight 
line drawn through an infinite space containing a unifom 
density of stars must sooner or later Intersect the surface of 
a star. More precisely, it p Is the probability that a line 
of length intersects the surface of at least one star (p is 
certaiftly not rero if L is much greater than the average dis^ 
tance between Stars) then the probability that a line of 
length nL does n^t intersect the surface of any star is 
and tends to lero as n -* “♦ Thus m line of alght» drawn in 
any direction from an observer* must end on the surface of a 
star. Since the apparent brightness of a luminous surface at 
rest does not vary with dtstsnce, the sky should nppear in all 
directions as bright as the surface of a typical star. 

The paradox can he resolved in several ways* Evidently a 
finite universh Clacking property {iJK or one in which the 
density of stars or galaxies decreases rapidly with distance 
from the observer (lacking property filj), can avoid the prob¬ 
lem. So can s un£%'ersc infinite in extent hut finite in age 
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ti.e. lacking pr&pcrty (iv)j* sinM if th# stars were all 
created a time ago no star at a dl^iattce greater than 
can 00¥ be seen» Kuwevetp th^ resolution of tTte problEm which 
is currently of most interest is that which discards property 
[iii) and replaces the static universe by an expanding one* 

The expanilon introduces throe effects; (aj the light frism 
each galaxy Is weakened by the red-shift and aherratian fac* 
tors ti0,7] and f10.151* (h) the apparent density of galaxies 
in space is Increased by the factor (10«Eh)| and (cl the true 
density of galaxies in space at large distances is increased 
since they are observed at tiJiiEs earlier and nearer the start 
□f the expansion than thn present* Since fa) decreases the 
light received froiB distant sources while (b) and (cl increase 
it, ■ laore detalleii calcxil&tion la needed to find whether, in 
a particular eKpanding model univerge, the parado^c is Ln fact 
resolved. 

The detailed calculation can make use of the theory of source 
counts in the following way. If one writes the number of 
sources within a sphere of rsdlus formally as 



0 


then the total energy received by a on it area at 0 from these 
sources is 



0 


where s is the average balametrlc a.ppureitt brightness of the 
(dg/dr^dF sources between p and p + Jf. [The unit area must 
be Arranged so as to accept energy from all direct Innsp 
it must be a sphere of unit cross-section*] The tutal energy 
received Cron all sources is obtained SiTBply by making ■ 

[If no horizon exists] or [if o horizon exists at r^]* 
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Qub tlius has thfi £ollowing recipe: to canvart an ^spr^Ssion of 
the 111,34) a soLirt:ts coujit JP(^) into an eicpresslon 

fnr the total energy e: incident on unit arettp multiply the 
lategrand by 3 and extend the upper limit of integration to 
the horizon- The reader ahauld satisfy himself that the sarae 
procedtitt Is reasonablp for the general relativistic expres* 
sions (11.47) and [11.4B)* except that the towsr limit of 
integTation is extended to = 0 [for MCRi EGR) or to 
ffor SGR)* The relevant expression for 5 is of course 4/ci^, 
with given by eqn. (ICli.21} Or eqn (IP-^S) depending on the 
theory of light propagation in use^ and with A taken to be an 
average value of intrinsic hrightness^ 

In a universe satisfying the conditions (i) to and 

2 2 

also having flat space, one has S * A/r and dJif/dr ■ 4nff^F . 
There is also no hOrlton, so that the total energy ^ is eqn 
[11.S4J with or 

zr - f -^ ■ 4!lW„r^di’ ■ - (11.55) 

b ' 

Eqns (Hi 54) and [l]iS5) Overestimate E\ by neglecting 
the fact that some fraction of the light from ptars at dis¬ 
tance j* will be intercepted by nearer stars and prevented from 

reaching the observer- Allowance for this effect can he made 
hy multiplying the integrand of each equation by a correction 
factor One would expect that will he small for 

small r and approach unity for large r, so that the effect of 
the correction on eqn [11.55) will be to impose a ^cut-off at 
some large but finito and so nale E for the infinite static 
universe finite rather than infinite^ The correction is less 
Important for the expanding universe models discussed below* 
and will In fact bo neglected« This is justifiable because 
most of the light in such mudels comes from distaiiices less than 
or of the order of both because of the existence of hori¬ 

zons In some models and because in any case the red-shift and 
abeTTBtion factors of Table 10-1 reduce the apparent bright¬ 
ness of more distant sources. 

he can estimate as followsp, A cylinder of cross- 
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sectlDikfil area A and length r, stretching frani the obserirer t& 
a. star S* irill Qtt average contain a nuiriber n • Of stars, 

m being the average number density of stBra in the universe. 
The probability that any one of these stari will eclipse S is 
(d/Aj, a being the typical cross-section of a star. The 
probability that of the n stars will eclipse S is there¬ 
fore l-f * l-pjfl/jfl , so that f — rtn/a • Jfar, The 

P wi> ^ *13 

estimates iV 10 stars per cubic light year and o 10 
square light years then lead to Since is 

about 2 ■ 10^^ light years^ ii follows that 10^^^ for 

r < / can therefore be neglected in expandin)^ universe 

*1 r 

models. A slmiler cslcuUcion involving galaxies rather than 
stars would greatly gVeteStiflate because the outer layers 
of galaxies are transparent. Ttie corresponding nuabers for 
such a calculation are S A n 10*^^ and a 10* i leading to 
< IC' for r < 

Note that a universe which satisfied (ii) to (iv) in flat 
spacep but a finite sphere of radius centred on the 

observer* would give 

E ■ ATidjyy J dr * * 

0 

We can therefore definep for any model universe, en equivalent 
radius fi(equiv«]* which i3 the radius of a finite unifcrii 
static universe which would have the same value of by 

r(equlv^) ■ £11,56) 

To Illustrate the calculation of 5:, consider first the 
steady-state nodel with classical optics. The source count 
integral iSp from eqn £11^41)■ 

^ Ii 

I je"^ da? 

a 

with in the ateady-state model. Our recipe 
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g _ 

[see eqi^ (11*4 2J} aad tntegr^ta out the horizon« In cLas*^ 
sicel optics the borlion Is at iiiflnlly* so the result Is 


W 




r 


»^U+3^ 


d« 


(SC) 




r 


(l+xl^ 


2 ty. 


fU*S7] 


tn terms of the oquivaloiit radius at eqn (11. S6)^ this glvas 


i-[equl¥.) ^0*5 (SC) 

As e second illustratioii^ CDnsider the Milne model with 
general relativistic optics. The source-count ijitogral 
(1L*S1] laest have Its integrond multiplied hy S and the lower 
iiiuit of integration must bo zero. From eqns [10.453 and 
(11*50} t and using also that for the Milne modeK 

we find 

^ ^ ^ _ 4J 

[l*a) ^a~ 


Multiplying the Integrand of eqn by this and 

“ 0 gives 




h 1 


AA 


dt. 


i r2Ct,/i,)i' *E 




]*” 


netting 


tgdt 


E 



• EnASgStj, 


(MGR) (ll.Sff) 


with a corresponding equivalent radius 
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rCequiv.J = O.S [MGR) (11,60) 

Similar results can tie calcLiZatt^d fur Dther ‘^odejis, itnd 
the results are shevn In Table 11^details of the calcula¬ 
tion being discussed in Problems 11,5*11^7^ Model ESR has 
been excluded frnjn the table p as it was from the discussion of 
source counts, because of the difficulty o£ evaluating the 
carroction discussed at the end of Section lPp6, 


TABLE 11.J 

KiMi of imHUt unioam«A 



Thaoriea of light propagaticm 


Classical 

SpeclBl 

General 


relativity 

relativity 


Steady-state 

OlS 

0.2a7fi 

0.25 

Cosmalogical 

model 

Milne 

i.a 

O.B 

0.5 


Eiiisteli^ 





de Sitter 

0.5 


■0-1 


The table shows sciuivalent radii r(ihqiii^O» related to the totil EBcrgy 
Incident frofl( the night sly by eqn [11*^5]^ In units of at^. 


11.5. THE LUMINOSITY DTSTAMCE AS A POWER SfRlHS IN THE ftEU- 
SHIFt 

The preceding three sections have given exact results for 
three particularly a tuple casmologlcal ttodels* When one con’* 
siders more conpllcatod nodels it Is usually necessary either 
to analyse the problen] numerically^ for particular values of 
the parameters, or to seek an approKimate method of solution. 
One such,approximate method involves the expansion of the 
scale factor as a power series in the photon travel time 

or ^time of flight^ defined as 

* Cq - ^E- fll.M) 

Such an expansion is most accurate for nearby objects wMdt 
have short photon travel timei. It Is therefore particularly 
appropriate for calculating the luBiinoaity distance which 
itself is most accurately Inown for neaty objects- The prasant 
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section uses the power series ippr&ach to examine the Teiation 

between d* ond the rod-shift In this context the nototion 

^ n 

neaning ^terms Containing ^ snd higher powers of is 
useful. Also the symbol « will be used to indicAte that 
powers of ^ or « higher than those explicitly given are 
neglected^ 

Tbo starting points are the expressions tlO+43) for * 
and [I0p4^) for d^, Expanding flftg) ft Tnylor about 

the present time gives 







ai 

i 

*0 



cn.62) 


From eqns and {4.l2j it follows that 


dfl 

St 


= ffoflfto) and 


7 ? 


(11.63) 


Substituting these reaults and eqn UliblJ Into eqn 
gives 

AftEl - £11.64) 


end if one inixfiduces a new variiible 


* * 


fll.fiS) 


this is equivalent to 




Cll.6^1 


and so by eqn (lOpfll) to 


I + a 






(11.67) 


It is now necessary to decide what level of accuracy Is 
needed, Ne already know from Section ll.i that for 

small a. A significant inprovement on this will involve the 
second power of a and be of the form *- (!♦«»+». ,J, Wo 
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therefore need to retain terras iu Ot aquivalentl]^ in 
and shall neglect higher powers. Using the genera: result 
* X + ^ + p«. in mi{n (n.&7) gives^ 

a ' (j+hq^JT^J + * p .. 

m X + (11.6B) 

This result can be invefted"^ to give 

X m a - {l*hq^}s^. fll-M) 

Since eqn (10.44) tnvolves the coordinate we now need 
a relation between a and ic or a* The starting point here la 
eqn £11-44}^ The right-hand side of this equation can be 
approxifflaited as 

fM - d.' 

0 

- d*' 

0 

fc.* J 

“ 8 ♦ (11.70) 

SO that f(a) w o if powers higher than js** are neglected, AlsO| 
If we define 




(11.71) 


then replsciilg by c and hence ar by x' itl eqn [11 .bB) givea 


f 1 

If a « X * ox 

z 

a * {a-BJi” * 


2 Z 2 ? 

BJid if a: • j| - B* * then a =' a-Oa 4^41(8-61 J - 

2 

which is cQTTe^t up to terns In b if fl ■ a* 


* * ^ 
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AG that the left-hand side of eqn ril.^44) Is 


in 


J IfTiT - "*H J ^ “ f^V 1 <1*' 




mii 

Combining this with eqn (11.70] gives 

and* Substituting this in eqii (11.44] gives 

1 




sty{l*a)ia-tU^floJ»^+^i?ta^)} (using eqn (11.69)) 




(11.TZ] 


This is the required power series for « a function of 
li By coitsparing it with observations it is possible to estl- 
mate both the Hubble parameter ■ l/t^^ and the deceleration 
parueter and this Is one of the betteir ways of estimat¬ 
ing these quantities. 

The accuracy of the estimate of can be improved by 
roBfcing allowances for the evolution In brightness of sources. 
t3eflne on evolutionary parameter which is related to the 
rate of change of the Intrinsic brightness A of a source by 


tL 

e 




iA 


{11.73) 


where is the present intrinsic brightness. Then the in¬ 
trinsic brightness at the time of observation i$ 
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J(tg] * Alt^i * 


dji 

31 




flA 

at 




(11.74) 


Where eqn« [11.61] and [11.65] have been used, (Jew the appa¬ 
rent brightness S of the source must satisfy 


4Ctj] 


W - 




whftTfj is the luBloQsity distance which would bo inf erred 
from the apparent^ihrightness uit^hout allowing for eiralutibn. 
Heoc« 


d* = d^{Ag/A{t^)i** - 

« dj.{l*O.Sft^*+iiJtii^J) [11.75] 

which with eqo ni«72) IntplieB 

dl ^ [11 761 

One way of o^prosalng this re-^uit is to say that evolu¬ 
tion tepiacos by an apparmni docolnration paratficter 

« 0 fl “ *^0 ■ “ e * [ 11 . 77 ] 

Estinates of a Vary cDnsiderably. Cott #t aJ- [H] coiiBidE?r 
it to lie in the range froM to -1-2^ which combined with 

Sandnge'5 Estimate [B] * l-O t 1 leads to -1^7 < 11 ^ < *h - 

The moTe^receiit estimate flf>l 0 ^^ = -0-15 t O-S? suggests q 
negative value of * implying by eqn (4.24) a positive value 
of the cosmological constant X. This conclu^^lon was also 
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reached in a. more do tailed discussion by Gcnn and Tin&ley [11] 
but be regarded ns tentative, 

11.6. HORIIONS AKD ANGULAR DIA^fiTEHS IN GENERAL RELAflVlSTlC 
TODELS 

In discussing the existence of i horlsen In a Git universe one 
has to specify which aeasure of distance Is to be usedn For 
instance, one could asJfe either 
(1) Which sources observable at the present time have the 
greatest value of the dinensiunless distance coordinate 
#? 
or 

tii) Which of these sources hed the greatest distance r at 
the time of emission of the light now being observedT 
Since by enn (10*37) da/dt <0 for all the relevant 
photons, the fteatest possible value of a is found by going to 
Che earliest possible time of emission - to - D for models 
MGRp EGR and to = *«■ for model SGR, One then finds from 
Eqns (11*10) t {11.15)^ and {U,19J that the areatest value of 
M. i s 


a 


max 


» (SGR} 
« [MGR] 
1 I^GR) 


{11,TB1 


and corresponds in each case to an Infinite red-shift* Thus 
only the Einstein—de Sitter model has a definite horizon in 
the sense of question (1). The praaent proper distance of a 

Jill. 

source on tkis horiroo is found from eqns and (11*14) 

to be 


Weinberg [123 gives results generalizing eqn (11.79) to dif* 
ferent [k • 0) mndel universes. 

The greatest value of n, on the other hand. Ls not neces^ 
sarlly found at the earliest time, since eqn [10*^^36) shows 
that dr/dt need not be negative - the mot ion of a photon to¬ 
wards the observer may he more thain balanced by the overall 
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expiuisi-oo of th« uni vers*, We jniist therefore consider each 
node! In detail. For nodel SGR it follows ftom eqns [11.S), 
ni.lD), and Cll.ll) that 


r ■ flttgJe - otHil-oxptJJtpH - ct^a/Cl^eJ (SCR], Ell.SOI 


■h' 


'E 




SUllnrly from eqns (11.13), £11,15), and (11.16) 
t t 

' ■ -4} ■‘-MwTITliyjTi) '“-'‘i 


8itd frum eqns CH.IS} to (11,20) 

r 


Inspection of these results shows that for Models SGR and NCR 
the greatest distance does correspond to an infinite red-shift, 
the vBlites being 


(SCR) 

U.Sef^ (MGR) , £11.95) 

For nodal EGR^ on tha othor hand, an infinite red^shift corres¬ 
ponds to r “ fH. Tho grofltast value of ^ is found at a Tod- 
such that dr/dn = and Is 

8otu 

■ -17“ 

corresponding to a red-shift a ^ ls2S and to a time of emis* 
Sion tg - - 86 ^/ 27 . 

The way in which model EGR differs from SGR and NCR can 
be seen more clearly from Fig* 11*7, which is based on eqns 
E^IlaiD) to (11.8Z)t Because gravity is the dominant force in 
node I EGR, the recessional velocity u • of every galayy is 
very high soon after the start of the expansion, and so photons 
omitted at early times at first traverse regloits in which 

and are ‘swept’ Bwsy from the observer, They can reach 
thfl observer only when the rate of expansion has slowed down 
aufficiently^ In fflodets SGR and WGR, on the other hnndi the 
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velocities of all galaxies are constant dt decrease as one goes 
further back ir time* So nO ^sweepieg' 0^ photons occurs- 




FIG* 11*7 Free phaton propagation (Mild, llfiesl to roach the obsarver 
itt A^aniJ iMstipn of g6lRKlc9 Tinea Ip for thrre gcneritl relatlvlitic 

CO Sinolog lea I modiei«. (al Stcaid^-atitc; the pressjit tiaa has heen taliaii ns 
zero, (b) Milne* a photon emitted at the bl^ bang is shovn. 
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FIG, ll,7fe) Elnatpin-de SittBfj n pKoton eniittHi mt the hin hanjt is fihtHni, 


Because the angular dianeter of a source at distance r is 
6 ^ D being the true diameter* eqn [11.04} Itaplies thet a 
aet ef identical sources at different distances in an EQR uni¬ 
verse will all have apparent angular diameters greater than or 
equal to a limiting value 


a . 

Ml n 



CECR). 


BurthermoTei the limit ing value occurs not at infinite 

red-shift but at a « less than many observed red-shifts* 

In fact all Friedmann aodels with (?>y have such a limit for 
given D [13]« Thus observations of angular diameter as a 
function of red-shift or luminosity distance can provide evi¬ 
dence to distinguish between cosmological models« 

Some recent, measurements fl4] suggest that ■ 0,3 t 0-2, 
thua apparently ruling out the steady-state model ms di^cus^ed 
in this book. 
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PROBLl^S 

(11*11 Elsinjj eqjis fll.L) to (11-3]!^ verify the first two raws 
of Table 11.2, 

(11*2) PlmoftStonless radio source counts anti apparent brialit- 
noS5 UTO dofified by 

_ tfU) ■ r* - ^ 

" 5' * ja 

4ii^p (ot^) 

Using cqns (11.36) to (ll^iCf) verify the following; 

For model 

M* • i(]T^) “ 

For model MSR^ 

For model SSR, 

/¥' = I dj and S 

0 

[11-3) With the notetioii of the previous question and eqns 
(lip a) to {11.11} and (11.471 show that for mode] SGRp 

ff’ • ^-L - 1.5 * (,rtu) and 4f' - ^-y 

Zu^ uMV‘ir 

with *f * exp{-ift|^}, 

[11,4] Using eqns (11.13) to {11-131 and (11.4B) show that 
for raodel ECR, 

If 1 

»■ {rrR^j} 

.itfc . (V'ol''’’- 
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(11.51 V&rlfK the entries la Table 11*3 for models MC and EC, 
using eqna (11,36) to [11+35) and noting that the great¬ 
est observable distances in these models are e»t^ (MC) and 
2at|^/3 (UC) t corrMpondlag in each case to infinite velo¬ 
cities of recessioni 

[11 + Verify the efitrios in Table 11,3 for models 5SR and 
MERf using eqns [11.56) to [11.38) and the hoTison dis¬ 
tances of eqn (10.30), Note that 

I* * t>,i87a. 

0 

(11.7) Verify the entries in Table 11.3 for nodelj SGR and 
EGR. 
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of a sp«;i£l relativistic theory of light props^iitiun 


Ai, THE LOREHTI TRAJ^SFORMAtlON 

fn this Appendix the speclBl rclBtivLstic results requlrEd itt 
Section 10*6 ore established^ 

Suppose that ao obserirer Oj at rest relative to the] 
Centre of our galaxy « and an observer O' at rest relative to 
the centre of a galary Tneasure the position and time of an 
event Ei. Suppose also that they agree^ to choose Cartesian 
coordinate systens S and such that corresponding axes in 
the two systems are parBllel, end that S' is receding from 0 
along the f-axls of S with a const ent speed U| as In fig* 



PTC* ndHtion between reference frames Im reLativIsClc nation^ it 

time t sn frame 


Suppose finally that the observers agreed to synchToniie their 
clocks to read xoro-=at the Lnstant when the two sets of axes 
coincided* Than Newtonian Ideas of the nature of space and 
tiM lead to the fallowing relations 


a ' a 
6 ' • t 


£A.l) 


whero m are the space coordinates and t the time of any 



220 


APPENDIX A 


#voiit E, n^B^ured by 0 , and y*, arc corrtis^<3fiding 

quantities measured 0^. 

It is & consequence of (A^lj that the velocity of &tty 
moving object or signal depends on the reference frame In 
which it is measured^ In particular, a signal propngating 
with speed o relative to 0 along the x^axis will satisfy 

end it follows from (Axl] that 

* D, so that the signal propagates 
with apeed [e-oj relative to O', There is, however, strong 
exp«riB«ntal evidence that the speed of light in vacuum is the 
SflDie relative to all observef*. If one accepts this constoncy 
of the speed of light as an axiom* and looks for the siifrplest 
possible equivalent of (A«l] which will satisfy the axiom, one 
finds the tramforjnati&n: 

• g with i 



It is easy to verify that x * et implies x' * et' and coH' 
vorsely, so that a signal travelling along the x-axis with 
speed 0 in one frame also has speed, o In the other frame. It 
follows froiB [A. 17] below that the same is true for a signal 
travelling in a general direction. 

The replacement o£ [AxL] by the Lorentz transfornation 
[A,2} has far-reaching consequences for classical physics. In 
this Appendix we confine ourselves to discussing effects of 
direct relevance to observational cosAOiogy as discussed in 
this booh, 

A, 2, TIJ^ PTiATION AhD THE 

Suppose that a Light source at rest in S“ emits light pulses 
which are seen by both observers* Let the events be 

the eitiission of two SUch pulses, and let the time interval 
between theTSii measured by Q*, be According to classical 

physics the light pulses are seen by 0 at times separated by a 
time Interval if because of the classlcBl red-shift 
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2Zl 

o£ eqn (10-4]^ but O can allovi for this rcd^shift atid infer 
that the time interval betiifeeii Ej end was *= At^/fl+o/cji 
The Inferred would then be equal to Atby (A-1}. In 
special relativity p however^ this is- still a time interval 
in O's reference fraine Sp and the Lorenti t ran 5 format ion must 
he used to relate it to the tine Interval in Neglecting 

the ^ and « coordinatesp the Coordinates of and in S* 
can be written t*} and (a:", *hJ respectively* If 

the coordinates in 5 are (x, tj and (x * t * i then 

(A*2) gives 


x' “ ■ au+Ax-v S 


i " 





^1^ t+Oi ^fx+Ax)^ 


whence 


Ax w t>ikt ^ 


and 


p e 

RecBlling the definition of B in fA.2}, thia can finally be 
written 


At'g = - Atg/0: itg - tA.3) 

Although lime intervals are thus seen to be relative to 
the state of motion of an observer, the interval has a 

special importance in that it is measured by an observer for 
whom the two events coincide in space. Thus a clock located 
at the point in S'" where and will actually register 

a time interval extending from to E^- On the other 

handp there is no clock anywhere which directly registers the 
time interval ACgj this lime interval Is Inferred by 0 from 
more complicated observations, For this reason is called 

3 pi*£fp^^ time interval. The fact that 6t^ ^ known as 
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the timtt effect« aitd can be described in,general as 

follows; 

If and are events in the history of an object» 

the time interval between thefn^ in a reference frame In 
which the object is noving vich speed Bp Is greater by 
the factor 6 than th« proper time interval between them. 
One consequence of this in explored in ProbleB Tq 

discuss the red^shift wc return to equation (^A.S). and note 
that if Ej and E, are enUsiona of siicceesive wavecrests of 
light, the ppopar frequency of eoissiofi is and 

the ppcpar frequency Of arrival is ■ l/at^. Hence the 
definition [iCi*35 of the red-shift most be replaced by 


1 * a 



(A-4) 


Combining eqns (10«4) and {A.3} and CA-4]^ we find 

?i * 


... -^. ,fui) . 




and after some algebra 


(A,&J 


(A.63 


thus confirming eqn (10*29) in Section 10.6^ Tbe arguments 
leading taileqns (10/7) and [lO.lS] p and those equations them¬ 
selves ^ remain valid, with replaced by and At^ by Af 
tbraughout. For examplep 


/ 


rs 


1 

(T^ 


is an Equation which holds in classical and special relativis¬ 
tic optics* 


A.3. THE LORENT2-FlT2GEgALD CONTRACTION AND THE DENSITY 
TRAJiSFORMATlON 

Suppose chat a thin rod» parallel to the f-axiSp is nt rest in 
S* with one end at the origin of S'* Then the f-coordinates of 
the ends of the rod in S' will be ■ C nnd ^ at all 
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tiDi#a, whtTc L' is the length of the rod meesured in S'# For 
obvious reasons is celled the proper letij^th of the rod» "By 
the first equAtioe of CA.2), these results imply ^ et snd 
■ afi for the s-coordinetes of the eods ftt & time t 

in S. Thus if □ msasures the positions of both ends it the 
same tioie in hia Toference frsiiie S, the distance between these 
posit ions will be £iV3» and he will regard this as a valid 
aeasoromont of the,^ length L. Thus we have the result 


* Lf/3 


[A.7} 


which is known as the LDrentz-FltzgoTald contraction and can 
be generalised as follows: 

The length (jneasured in the direction of notion] of 
any object moving with speed ^ relative to the observer 
is less by a factor i than the proper length of the ob¬ 
ject# Lengths perpendicuiar to the direct Ion of motion 
are the same as corresponding proper lengths. 

The application to the density tranaformat ion of Section 
I0*S is clear. Regarding the galaxies as ends of a rod> 

of eqli £1^-^?) correipends to L and The prOpair distance 
GGj * corrosponda to the proper length L\ so that 

^ quantity of interest is now the ratio of the 

observed density B to the prtFpMi*^ density ^'ft* ^ # 
Since the first half of eqn £10.^7) ranains valid> the argu¬ 
ment leading to eqn £10.28] COii bt replaced by 




1 + a 


[A.81 


where we have itsed £4.5) and also ^ As from 

(A#2]. Thus eqn (10»2B] remains valid if one replaces by 
the proper density anii uses the special relativistic ex- 
pression (A, 5] for a. ThlS^ confirms a remark to this effect 
in Section ia#&. 


A.4# VELOCITY AUDITION AW THE ABERRATION OF LIGHT 

If a particle naves with constant velocity in the * y plane 

of S^ its space coordlfiates at tine t in B will be 
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f [t if * (t comtant}, a « 


whoTfi Uy are campanents of" the particle velocity in S, 

The constants here can always be reducadk^to lero by a cnange 
of origin, and we assuine this to have been done in wh^t fol<- 
lows. Substitution of (A.9} into [A.2) then gives Che coordi¬ 
nates in S' as 


J*«D, t' * p|^l-—^Jlt [A. 10) 

froB which one finds 




with 


y -V 

X 


(I'UU^/o ) 


B ' wj^ 




CA,ll) 


{A-IZ) 


Eqns (A.12} deterinine w' and , the velocity cgsponontS of 

• cV: * ¥ 

the BDving paTtlcle in S', as functions of its velocity compo¬ 
nents in S. 

A sinilar argujncnt holds if one considers a reference 
fraiie S'' which is maving in the negiti ^0 ^-direction with 
speed 0 relative to The Lorentt transforiaati^n for thl$ 
frame has v replaced by (-P]. If oae also considers the par¬ 
ticle raferred to in (A, 9) to move parallel to the ar-asciSi SO 
that ■ « nnd ■ 0, the resiUt corresponding to is 

ytt . - M {relativistic addition of velocities) {A.13) 

(l+try/e^) 

cojnpatod to 

yFr * y+p (Newtonian addition of velocities) (A* 14) 

for the same situation In Newtonian theory* The crucial dif¬ 
ference is that in special relativity the result of adding two 
velocities less than d is itself less than d; for instance 



ft 


2^S 

Ed - L£&45 * l.'6Ef tNewtE^nioji) but tu ^ 

(reUtivl5ia£j* 

To 4 li 5 cu$s aberration we return ta (A^H] and jiijp|>o$e 
that the particle considered Is a photon with a velocity 
making an iuieIc & with the negative f-direction in and an 
angle with the negative i-directJon in S% Since the speed 
of light is 3 in b^tk reference ftasttes* we have 

» ^£? COB dj * e Sin 0 tA,l_ 5 ) 


and 


0 * = -a C.QS * c sin CA»i&) 

^ a 

Using £A.1S5 in conjunction with [A.llj gives 


id 


a 


+ 13 Cos 0/^1 * 



o sin q- 

COS d/l?) 


fA.17) 


and it is now posalhle to verify that the speed o£ the photon 
ill is Oi by checking that CoiipaTlfig 

tAai) with (A.i6) gives 


cos 


cos d + jJ^/ff 
l'+ 1 > CCS &/a 


sin 


sin ^ 

Bfl*v cos a/o)' 

fA.18) 


If 8 and are small p so that sin , sin ^ — 8 and 

cos ^ I* the second of those equations reduces to 

- mhsr • (p^) ^ T^- '*■“> 

By the arguAent of Section 10.3 based on Fig. 10*4^ hut with 
flg replnced hy O', we now conclude that the energy received 
per unit area from a receding eotirce Bust be nultlplied by 
the aberration factor 

/. • (»'«)' - - 77^ '*•«> 

Thus retains the clnssical rod-shift dependence qf (10.1^3, 
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alEhough its velocity dependence Is different. Fron the nn- 
changed a-dependence of / and f ^ it folleus that the lumi- 
neslty distance also retains the classical fomi {10^21}. We 
have tharefore confirmed remorks mad^ to this effect in Sec¬ 
tion lCii.a. 


A-I- DEKSITY OF GALAXIES (N THE MILME 

It is argued in Sect ton 2.S that the number density of a set 
of galaxies, at a time t after the start of the expansion d£ 
the universe, is in the Milne model equal to 

/t 

"‘•J • "ol-rj • 


But If these lalaxles are receding from the observer, the 
question now arises in which reference frame the time t Is to 
he measured. If an event E occurs at a time £ in the obser¬ 
ver's fraM St aad at a time £' in the frame S' which novos 
with the particular galaxiW under consideration^ then hy 
(A*3) t' * t/&, ENote chat this simple relationship holds for 
the Milne model because each galaxy mova^ with const am Velo¬ 
city, so that there is an associated inertial fraine in 
which it is permanently at rest,) The cosmoloilcal principle 
demands that the density of galaxies near any observer shall 
ba a function only of proper time for that observeri therefore 
the relevant time Is t* rather than We Conclude that the 

true density of a set of galaxieSi observed by light which 
left them at a time t in 5, is 


^10 









[A.21) 


?sow eqns £2-14) and £2,.153 depend only on Bieasurements 
frame S and therefore remain valid in special relativi 
follows from eqns (2-H) and (2*15) that 

. I! - !!i!i ■ 1 . £ 

fr F I F 5 


In the 
ty. It 


(A*22) 


and 30 eqn £2,17) is 


to be replaced by 


/ 



A 







JV 


1 i+g/fl ■ 


s;i 



£A,2S) 


wher^ frqn (2,14) has ligaih been used. This confiTB.% cqn 
[10.321 cif Section 10.^. 


PROBLEMS 

(A.1) A spaceship leaves the at t * 0 (in a reference 

fxnMe B fixed in the Earth]! and poves with constant speed 
vr = Ci.6tf relative to S for a period of 4 years as mea¬ 
sured by the spaceahlp^s clocks It then reverses Ita 
direction of Botlon instantaneously^ keeping: the speed 
unchanged, end returns to Earth. During its flight it 
enits radio signals at the end of every year of flight, 
as measured by its clock* which are received by an obser¬ 
ver on the Earths AssuBing that £A-3) is valid during 
both parts of the flighty 

til Find the ship^s x and ± coordinates in reference 
frame S at the tiflte of epission of each signal. 

(ii) Find the time of cbeervatlon of each signal in S* 
Verify that these times are consistent ifith 
* 1+a, if M is given by [A.6) with 
if ■ for signais emitted during the first 

part of the flight, and v = -O.fco for signals 
emitted during the second part^ 

(iii) Verify that during the flight ten years have 

elapsed on the Earth, while only eight years have 
elapsed on the ship. This is an instance of the 
famous 'clDclL paradox'. 

(The time difference is greatar for hlgbor speeds, If 
P = Jl*99So, the elapsed time for a return trip to a star 
id light-years distant is about go years oa Earth but less 
than 8 years on the shipO 

fA»3) A light source tJ is moving with speed p in S* and its 
direction of motion make^ en angle 3 with Q0i 0 being an 
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observer fixed in S. Show that cqn (10*41 must be to~ 
placed by 

and that ualng tA,5) and (A.a) ^iv« for the red-aM£t 

1 ^ a - 

Verify that for ft * 0 thU reduces to and 

that for d « iiiO* It reduces to (A*6) with v replaced by 
C'PK iShow also-that for a driven speed o there is j^st 
one value of » which results in lero rad-shifty and find 
this value for v * 

{A-3) It has been suggested that so«e quasars are objects 

ejected at high speed frojn nearby gglaxies^ Suppose that 
such objects^ all having the SBUie intrinsic brightness * 
are ejected in different directions but with the saine 
speed from a galaxy at rest relative to etir own^ 3f the 
maximujn red’^ahift observed io a » find 
(1} the speed of ejection, 

[iij the blue*shift, i*e. the largest n^g&tiua 

Value of 

flii] the rntio of the BaxiTnun and miniiqum appereiit 

brightnejses, assuming all the objects to be at 
essentially the sojie distances fron the observer* 
tit Slay be assumed that all special relativistic results 
of Tables l&.l and 10*E remain valid for a light source 
approaching the observer^ with e replaced by (-u)*) 
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The niass of ft lYpm\ smblc particle; the nuinbcr of ^tich particles 
m the universe, and cosinplofJcal coirtcidcnccs 

A t tne^depeTidMt gTivitstional constant hias been envisaged In 
Section and softte further impUcatlans of it are puriued 

in this Appendixr where an attenpt Is Bade to relate the 
typical fflass of a stable elementary particle to cosmological 
quantities [1], If such an attenpt were successful tn quanti- 
tBtive detail I it would represent a profound advance in out 
understanding of both the structure of matter and the nature 
of the universe* In fact only rough estinates are possible 
and they will he made on the basis of a clear set of assump¬ 
tions : 

[i] Theories are considered which involve the fundamental 
parameters: Planck's constant the velocity of 

light in uasuG the gravitational constant la) end 

the Hubble parameter ia}. Their numerical values are 
assumed known. 

[il] H and G depend on time^ but their ratio is independent 
of tiBCp This assumptiofi is soiuetimes csliod the Dirac 
hypothesis^ which he has taken Up recetitXy in an amcri’ 
ded form 1^]* 

[iiil Particles whose hare rest mass is tine independent will 
be identified with the main stable particles. 

A remark is in order on the origin of assunrption (ii)* 
This arises from the following idea* The ratio of the elec¬ 
trostatic to the gravitational forces between proton and elec¬ 
tron is a huge number 

Cm m /r* 

P ® 

Let the age of the universe - or more praelsely the time since 
the last big-bang — be t. From the reciprocal of the present 
value of the Kubbla- constant it is approximately 
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On« that t exprasied in t«ri&s of an atoflic tmit of 

time such as ^ 10‘^^ s is also of order lO'^^p m beint 

“ .w>7.i E 

the electron rest MSS* An ethplrical relation results, of the 
type (other units of time and other masses can be chosen) 


5 


tm^ itf^e- 


Now the rough equalItjr of two distinct huge dimensionless num-r 
hers is perhaps no accident ^ but could he ftmdaitieiital, and 
therefore valid at sJi times. This 'large number hypothesis' 
implies a time-dependonce of 0 such that 


oft) - . 


as assumed in (li)* 

le now start nor argument by assuming that if Op 6, 6 

be unknown constantsp then a typical mass In such a theory has 
the form 

I 

where the dlinensic^ns of each factor have been written down. 

The expression has to be of the diwnslanaL form [«]. The ex¬ 
ponent of [z,J is zero nnd ^he exponent of [i!Jl Is unity if 

2 ( 7 * 1 ) * 3 y + fi =• 0 i,e. Sy * -a- 2 


so that 


ft - 1 * V - 1 6 2,3 6 

o - 1 ♦ Y - 1 ^5" J f 5^ 

The exponent of r is lero if 

^ fl > d « B * Zy - e * fl+Y) * Zy - e ♦ 3 t + 1 ■ fl + 1 - j{2<^61. 


It follows that 
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a 


5^' 


Comblninji these results 


[#i^ 






The masjtes which carj accur in this theory are seen to be of 
the fcrpi 


mib) 




h^ir 

1/S 

1 

2 


2 

Cl 


Cr 




CB.1) 


where • 35 Is an Unidentified Constant and is a divnen- 

sionless inultiplieT, tn tirder to detenine the tiiie depen- 
dence of mib} ^ one can Te^e3tpTes5 the dependences iti teriQS 
of a dependence on which is independent Of tine^ One is 

then left with a time dependence given by 

"»(&) - (B*2J 


It follows from assumption (iil) that the order of magnitude 
of the stable particles is given by h ^ -1. Treating the cm- 

7:^ 

Stands as of order unity, Diie finds 




w — «f- 

1) - 

[*r"- 

10" 

8. 

(n.3} 

Taking 

the 

present value of 

iS"^ as 5.7 

X 

10^^ S. h - 


1,05 K 


■* J 5, C " 

6-67 

If 10’^^ Nb^ 

H 

1 o * 


S.OO X 

10* 

in one 

finds 

EFig, ».ll 








■ ' lfi.87 + 

5- 

Ub. 

(B,«) 


The electron mass (9.11 ^ 10“^^ kgl , the proton loass 

Cl,$7 10^^^ kg), and the mass of the o' particle 

(2*98 K 19’^^ jtg) are alao shown oe the curve. It is seen 

that the stable particle rest masses do indeed cluster around 

the Value 2 j » -1* 
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FIG. 0.1 Th& mam mass as In tha universe flccoTdins tc aqn fB.iJ hjth 
k(b} 1- Eqa (Bj 41 fiiva^ tHe w^UHtiDn for tha Jine. 


Using the critical density (6.1} 

p ^ (E-5] 

and taking the radius of the observable universe to be a hori¬ 
zon •distance of the type Introduced in eqn [10i3QK 

(B*6] 

the mass uf the observable universe is of order 

*“ T ■ TO • '<-•»’ 

This mass is bIso shnwn on the curve and is of order 10®^*^. 
The equivalent number of stable non-interacting particles in 
the Universe is 
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This was first estiirmted bf BddingTsfn in 11^44 by methods 
not now ncceptod as meaningful. 

next conitldeT the rario $ of The gTavitatigiial tp the 
electric forces between two parti cles* using the famous flne- 
strncture constant 


a • ~ 1/137, 


One findjii, using eqa |[E.3) for the value of 0, 




4 /r 







CB.93 


This ratio is seen to he very smali. One can ssy^ theTeforep^ 
On the Bsaumption of a decreasing value of that the ratio 
o Is so sffisil because so much time has elapsed -since the last 
big heng« An estiniate for the decrease of d with tliiie has 
been given in eqn (6.14), and the general problem hns been 
discussed at length In the literature [3^41 * 

Another important consequence of assemption [ill is that 
it effeetj^ a cannection for sinple cosmological models between 
the Hubble time the deceleration paraneter and &/i3^ For 
since ^ ^ one haa from eqn ^4.26) 


I * d- * - l&m 

u 1,^ " 

Using oqn one finds 

- 1 • 0,4* 


111 good agreement with obAcrvatlonai estimates (Section II. S}. 

The rtnaloji^it of tKt (tuontity tt'- *^/hc is 


Cm^ 

■R^ 




^ It 10 


-41 


(B.IO) 


Thia Is the gravitational ^fine-structure constant* 


Tt Is 
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the gr^iVltational aneloglje of a with the 'coupling parameter\ 
which gotrern^ the interection, Qm instdad of « . In fho 
^pectrtitn of hydrogen-liJce aioMS of nuclear charge * the 

nth principal energy level is given by quantum nechanic^ to 

be approximately 





where n ia the principal quantuot number {k ^ i, z* -.Oi * i® 
the aiimuthal quantum numberp 

4 

if- * ^ ~ 13.6 eV, CB.IZ] 

® 2h* 


and m is the rest mass of the electron. Thus a affects the 
Spectrum» hut Oftly its finer details because of the sullitess 
of 

lx is possible to imagine a gravitational atom hound by 
gravitational rather than Coulombic forces and then tahes 
the place of a in the theory of the spectra of such atoms. 
However, this is merely an instructive eitercise since such 
atoms have not been found. In fact the ' radiusof the groLmd 
State n ■ 1 of an electron ip a hydrogen atom is 

2 

^ ~ O.Si K 10’^^ in 
tur* 


where 


u 


f*\ m 


JTT * 1 ^ 


P 


is the reduced mass of a hydrogen aton arising from the motion 
of the electron and the proton. In fact u ^ The cotre^- 
ponding radius of a gravitational hydrogi^n atom is 





7.1 10®^ m 


IB.13) 


where ii_ is the reduced mass for the motion of two neutrons of 

If 

mass m each; 
n 
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' T %- 

Thi^ rad.iuf is only sonrewhat smaller than the radius of the 
observable titilverse 

ESiia“j| K (5,68*10^^1 *“ M, 

"o 

It is not expected that one will often cowc across dimen¬ 
sionless fiLtuhers which are very large, such as Jf dt or 
very small such as or The value of dinensional ana* 

lysis in fact depends crucially on this- fact» 

Thus the analysis presented SO far has sssumed that the 
constant multipliers fef&J in oqn [B,l] ore of order unity. 

^one the less one finds pair3 of difflensionleas numhers which 
are both very large or both very small. For example, the 
radius of the visible universe is by oetns fB^a) and [1^7) of 
order 

while the Compton wavelength of a stable particle is 

h . 

The ratio is the dimensionless nnmher already met in e^n 
tB.lO )i 

SMm/ho ~ 10*® - iT^, (B.U) 

Such rough identities between very large or very small niiw- 
hera axe called cosmological coincidences and eqn (B.U) 
represents one of these« Their surprising nature must be 
removed by the present approach since one might otherwise 
take the multipliers to he other than of order unity. 

The coincidence eqn (B.14) will now be explained. It is 
an algebraic consequence of eqn (B.l) that 
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The left-hand side of eqn Cl»14] is 


g^C9)"t-13 . . MS], . r "t-iJ 

tin(3/2.)l^ fflT-lT i.ffl(3/Z) 






By cqiis (8,153, and (B.B) the left-hand side of eqn 

CB,14] is 

ih L 


r w(9) 1 ' 


as was to be estahllshed, Othet identities can he obtained 
slmileTly. the nass >n(3/2j is called the Planck ness. 


PROBLEMS 

(B,l) Verify the expressions for istbj given below 


b 

9 

3/2 -1 -6 

"!(h] 


(Wei^ We 


(3,21 Show from the unceTtninty relation dEAf > h that the 

snallest mess difference which can be measured during the 
period since,the last hig hang is of order m[*6) tS]. 


(B.31 


If the masses can depend on the parameters h 
and also the electronic electric charge, show 
sional analysis that the masses have the form 




\ 3 



1 o_ 


[fl 


. H. C. a, 
from dimen- 


where a is the fine-structure;constant. Hence show that 
the time-independent messes have the form 



kPVEKmX B 


117 


iit( -I) 

where the ma^s introduced in the text, and ii 

sn unidentified constanti 

(B,4) tn A theory ifith electric the paraMeters 

ti, ef occur. Show fron dirnensional analysis that there 
is only one possible cutnbination of constants which is 
dinensionally an electric charge, and that this is time 
independent. 

one expresses the age of the unlYerse in terras of a 
unit of time provided by atonic donstantsi say , 

one gets a large dimensionless ninfiber t, which Is some’ 
where, around 10^®* [21. 

Show that the theory of the text gives 

e - 

which does yield a large t ~ IQ*^- 
CB,b) Show that the gravitational rndiua i*_ of a atable par- 

^ u 

lido in analogy with the classical radius 
r = s^/\jin^ — 2.& X 10'^^ satisfies 



where is given in eqn (B.&la 

CB.7) The theory outlined implies that mlb) increases^ 

remains constant^ or decreases with timcp depending on 
whether t ^ -1, or The number CE*|} of 

stable particles in the universe was therefore unity at 
some time in the past. Obtain an expression for the 
Hubble time for this condition and verify that it 
satisfies an uncertninty relation with the Flnnck energy 

* Epi 





APPENDIX B 



If the prfiient .value of € were'used, verify that 

tp ^ I0"*^a, fCasHQlogy as described must break down for 

t<tp. The time is called the Planck time-] 
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RcpresenUiUi>n of cmmobgksil oiodcb in the demity 
paramcler-deoclmuion pftranieier plane 

CtJRVfiS IN TIE PUNE: 

One WAY seeing the relAt lotiship between the xcTO-pressure 
Friedmann medals is to represent them in various regions e£ 
the deceleration paraBeter (qJ- density parameter (o) plane 
(Fig. C,10- To achieve this, we first prove a prellBlnary 
result* Recall that 


[S.B): 
(4,25); 


f ^ ^ C p 


a ? 


S 


(4*ZJ,4.27J : L ~ = O 

(7.1): 


3ff‘ 


qt JT 






= 3 a - q - 1 . 


X* £ 


4 it' 


tc.l) 

fC.2J 

(G.3.4) 

(C.S) 


It then f(illgvf& that by - k, (C.S), CC.2), [C.3). (C.4), 

taken in that order. 


A 

kX* 


A ^ gAjT 




4*^ 




27e^(ci*<r) 


(C.6) 


Multiplying out, 

IZlo^H . 27a%Jfl ^ - 270* 
Rearranging, 


*■ SoU+1)® - 





+ 270^ 


9 a{q*lf * - fl. 


This my be written as 


ZAO 


APP^OIX C 


where 


(C*7l 


<![a,r} = - 9ujf^+ X*. tC,®) 

ThB significance of [C^6) or {C.7) is that^ given the value of 
kk^/Xf it assigns to ench q a corresponding cr. Alternatively^ 
Civen a point in the (Q^q)-plane (C*73 daterAlnos the corres¬ 
ponding value o£ kX*/kw 

As an example of theuse of these relations, let us find 
the equation of the curve A * X* in the k * +i region on the 
diagram» By (C.?} we see at once that the required equa¬ 
tion is d?COr?+l) * 0* This is a quadratic equation in o with 
solutions 



For a real root we need ^ > 1/3 which leads to > 16/S^ = 
0.296; but this is not permlaaihle as it would lead by (A-3) 
to < 0* The least possible value of q for A * A* is 
actually q ^ h when 

^ 1,2 ■ Kff * i ) *^1 • 

is always to bo reje(^t6d as it is less than and iaplles 
< 0. Hence 

* - »• l.pu„ , . . /(i£^ . ll^)} 

(C.IO) 

this curve is shown in Fig^ C.li and divides regions 4a and 4h 

The next curve to be obtained is of the form <f > , 

where F(a) is the least permitted value of ij if a is given. 

If < *1 then ft > 0, and hence ft - *1 by [C.4), Now for 
k “ +1 and 1. < X* one has CtiT Fig, T.IJ oscillating models and 
we know that 4 > 0 for these [see (7.1b). It follows that 
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PIG* Ctl+ DoizDl&rBtiQtMleiislty pirime-teT rclAtioni for vpiinus ctssnidio- 
^Icnl Qpnstaiit:^* M ojid E dwrboto the Hllne -iind the Eln^tein^ 

dfl Sitter modoi^* ki Curve for = -ISi*, B-t curve for A ■ -SA*j 
Ct ciiTve for ^ • -A** 


< -J implies k ■ *l and X > A.*. (C^Il} 

It nltQ follows from CC*3l that a > The first expression 
in (€^7) Is therefore negative and one can now find from 
CC.7J that 


q < -I iitpUas C[o,o+l} ^0, (C.12) 

This is the required constraint. Ifhereas in (Cp 9) we solved 
Ofo^q+l] « 0 for Of which yielded a quadratic equation^ we 
imagine in that p Is given and obtain in inequality for 

This yields a cubic aquation by virtue p£ CC,ft)p as will 
now be shown. Since 

r3C[a p<7+l] 1 

[“TTF^T—J “ U + l]l5[q + I)-iaal - + 

is positive for < 0i C(P,q+l) increases with q* Hence we 
can first solve the cubic 0(p,q+13 = 0 for Let the 
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solution b« “ ^'Co) ■ The condition 0 (a) 9 ->^L} > P is then 
fulfilled If 


q > !}• • f'CnJ ffl < -1), {C.13] 

In order to solve the cubic, let y s 17 « 1 " 3o. Then the 
equation for tr is a ^reduced.' cubic equation, i.e. a cubic 
equation without the quadratic tern: 

5(0,q+ 1 ] = * 2 pi/ * 2 e • 0 , 

p = t E ^ a^(l-2o). 

The HHiure of the roots of such an equation Is deterwirtsd by 
the values of 


The discussion of the various solutions is routine, and is not 
given here (see Probie# fC,!)}. It leads to 


F{o} 


'39(1^2 COB ’1 (e > 1 / 4 ) 

4 • 1 ■ - ^ • I* - ^ • F)f }<•<>/« 

* T/l 


ttJ » 1/4} 


{C.14J 


where ® is defined hy ces » 1 - l/2o* This curve Is also 
shoun In Fig. C.l as the limit ef the q-Values for 

regions 5 ^nd 6 flj. 

The cpnly other curve requiring sone calculatlans la that 
separating regions 1 and Za^ Wa turn to it nsKt- Usin( the 
eqn [4,15) 


I* 




we substitute in it from tC.2J, CC*5), and (C.4) for C,\, and 
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2 

kc , using values for some arbitrary but fixe4 ti4Be to 
find 

tat 1 ^ * ff/R| and write the relatioTi bs 

/t«> = ^ 

It follawS that if R is taken bs sero when 6 = 0^ then 
i can be integrated to yield [S] 

fi 

ivfAflvn^ teas] 


d/O'l 


FIG. €.2. A si^le property of fly}* 


The integrand increases (/[^^ decreases) as cr^ increases in 
the range of integration (see Fig, C,2), The lowest value of 
Qi p Oj • d, therefare ftirnishes the inequality for jy > 0 


'* ^ ■ i Ic ^ 

where the suffixes 1 have again been omitteil. 



Hence (4) 


1 

0 


St < kM 


■k '( t ^) '•> ^ "> 

*^( 1 ^) I® > ^ ^ 


(cas} 


We have used the opportunity to define a function and to 

give the integral for b > ^ > -1* F&r ig < *1* is iiiagin- 

ary and the inequality fails^i The form of hlq) is shown in 
Fig* C-5. 
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Fl{ip C,$^ The function which represents en upper limit an the present 

aH& of the universe in units of Th® cutve is b plot of e^n fC.]63 

and the arrov Brarks the limit . 


The inequalit/ caji aLcty;a.lly be improved by noting 

thftt^ dropping suffices 1^ 


in the range 1 >0* Integration in eqn hut 

using the right-hand side in the integrand« no-v yields {see 
Froblcm {C^SJ) 


where the signs are to be taken In order and 


The equation h(q} « ffir q > o ^ ^ fans part of the 
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2AS 

bauriilAry beiwe^ti regions I and 1 in Fig* C-1. 

C*E* THEi REGIONS OF THE fo,^}-HALF PLAf^E (Fig. CA] 

Each big-hang Friedmann madel can bv represented as a point on 
the plane, HoweveT, the region q < Fto} is mot 

atigwed bf (C«13) and is stippled in Flg« €*l to indicate 

this. The permissible part of the plane can be divided Into 
regions which are discussed individual!}^ below* The proper¬ 
ties of these regions are j^uimnarized in Table C^l* 

Region 1 [defined by the curve hlq) • and the lines 

2a ■ 1 and A =■ 0), 

Result holds in the part of the region in which 

2o > 1, but, in this part^ ^( 9 ) ^ JtP) so that result (C«18) 
is weaker than [C.IOJ* From eqns fC*I) and {C,lfe) one can 
put, since i| > -1 throughout the region, 

fft » i ^ ^ 1 * ‘ 

which is an inequality for K [see Table Similarly, 

froHL eqns fG.4) and [C.lfi) 

at = —fC.2n 

(5o-<i-nw* 

since q > 0 , A < D by eqn tC*3)* Also* since eqn tC.4) rep¬ 
resents a straight line of slope 3 from the point (0,-1) in the 
plane at each instant,, then * -1 in the lower 
part of region 1, In fact, c&nqjutation shows that ft ■ -1 for 
0 < q < IS, 2* 

M [defined by different parts Of the curves used for 
region 1). 

Result {C*181 is now stronger than inequality (0^16) and 
the region has been designed so that eqn (C.IS) applies 
throughout it^ Since ^ >< 3 , A < 0 as in region 1. The ft * 0 
line, to the left of which A * -I and to the right of which 
k * +1* crosses this region* The inequalities for A and 

are given by eqns {C*201 and (C^21) with Jitj) instead of 
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For * = +1 and \ < k* aoe hss a closed bij-bang imivcrdc cftiiftot oxpHitd wlttum't UpbAL. ThU 1% i *biack- 

type universe t^l* 
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The curve 5 o • 4 • 1 or fe ^ D the reiton lata 

two parts 3a and 21 j* 

S (deftiieil by the straight lines X « D* 3o • L, ep ■ -IJ, 

Solther result (C,.13} nor result CC*18) appliesp but 
{C«16) be used^ It changes froTii the sin to the sinh form 
for q < 0 * Since o > X > 0 by {C. 3 J, k changes sifin in 
the region as shown in the diagrajn, dividing'it In regions 
5 e and 3b. A X - X* curve exlits in fegion 3a^ but in region 
3b the smallest X value is SX* and it occurs at the corner 
q = -Ip o = as can be verified front eqn (C.TK 

fiegrion 4 {defined by diHerent parts of the lines used for 
region S) » 

(C.lb) and fC.lB) both apply and yisid upper and lower 
bounds respectively for ft* X* and in a manner analogous 

to chat explalTied for region 1, The curve X ’= X* given by 
fC 4 lO) divides this region into parts a and b* 

flmgim S (defined by the curve q » end the straight lines 

2 o = 1 and q = 

Result fC.lS] applies in this region. AUo Itom tC.3J 
and {C^4) 


IJ * o * > fts) 


iC.22} 


and 


q > F{o> CC.231 

whlcli give ineqUAlltie5 for k and for Since o > q one 

has X > 0 h'y tGi33 nnd, since the rogion iLea below the dashed 

line of = 0 (See Fig* C.l]* one must have fe ■ * 1 , 

ff (defined by different parts of the curves used for 

region 

Both results (€.13) and (C.lS) apply, Inequalit tea 
(C*20} end fCa211 hold with h replaced by j Bnd;^.the inequeli* 


24* 


APPtflDlX C 


ties reveTsed, In addition. Inequalities fC.ZS] and (C.Z3J 
hold. 

C,3. SOME miHERICAL ESTIMATES 

Let us noh/ assuae that the ufiper hound far the present 
value of the density parameteT Is' its value for dense clus' 
ters [6] 


0 < Cu < 28.4. (C.Z4y 

For if ■ ijg + 1 < (I Wo have Sftru,ar^ > Q by and this 

inplies o > <r| j Using fC-R) and ■njltlplying by 6, 

this inequality Is 

170.4 > 6a‘ > + /(at"* - 4r*/31, 

This lesds td <x < 0, [41 

0 < Og S 28.4 afid < -1 iftplitfs -IGel < [C*2S5 

Next^ a&sume that et the present tine 

< 11*10^ years^ years^ so that CF*67* 

tC-Z6] 

One finds fron CC.16] and Fi^. that ZiOa 

Asstifliptians (C«25) and yield 

-10.1 < *?□ < CC*ZT] 

m 

It should be eiaphasired that the assmed ntinierical &.re 

constently being revised in the light of more securete peesute- 
mentsi end that the limits (C.Z3) are therefore Iiable to 
revision. In factp believed to lie in a rether narrower 

range* 

In order to obtain numerical limits on the quantities £ 
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and X in Table Ti<Jte iram and CC.4]| 

L * , X ■ p 

50 that at the present epoch, cli5tlngLL]5hBd hy suffix 

’ ^amas ^ ^Ohix ^Dmln tC.2fl) 

^Cnin ■ ^ ^‘^Diubi " 1^.29] 

tt will be In addition that 

-iQ*l < < I and 0 < < 2i,4, (€ 30} 

values whifh are suggested by and (C,Z7), (C.2I] to 

(C-^D) lead to Table C.2. In sITiae esses knowledge of the 
signs end is a stronger restrictlan on the values of 

X^ and than is provided by (C-2S} and (C,29)* In such 
cases the numbers furnished by (C,2£t) and ate placed in 

■ r?» jjs; 

brackets in Table C^2* Note that the nunher? Kiven in the 
Table are independent of the present day value of 

Hubble's constant. 


TAUIX C.Z 


X^napij^l 

on ? 

A/3^f^ 

oml N ^ 


if rcao)^ 

ii 


SYmbfit ohf 

refion 

'^Otnin 

°DDiax 


^famax 

^«ln 


K . 
mn 


^ 

0 

1.4 

0 

2 

A 

C 

OA1 

A^C 

E) 

(3.2) 

2 

K 

S 


2 

-1.5 

lAAi 

-l.S 

1J.S 

S 

0 

h 


h 

n 

('0-5] 

lA 

AA 

i.s 

4 


25,4 


2 

0 

iAA) 

ZP.4 

0 

lAA^ 

55,2 

£ 


*5 

-2A 

-i 

1.0 

2 A 

C 

lA 

6 


UA 

AC A 

A 

1.5 

S5.5 

KS 

94.3^ 

4fi 

\ 

11.5 

h 

1 

G 

(AA) 

ICA 

0 

C-1-5) 

SZ.4 
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PROBLEMS 

(C,l} Establish the result (C.14], 

rC*2) ShoM that fox o ^ 1 in fC.14J 

* "■ 'I// 0 , p[cr) ^ -/(SoJ* 

(C.3) Establish th« result 

fC.41 Show from fC.SO] that 

,2 < -i-. < SS,S, 

^^0 


-1 9 

Civftji < 19,4 34 IQ ymnts and that the inftsimuin 

liltely vnlue of I 5 twice Its mininuiii value, show from 
the above inequality that ^ 10^^^ s"^ < \ < 1Z*3 

10 -“ 5 -L 


[C*S} with the same assumptions show that 

-3 < ^4 < 94.3 

SO that the space curvature satisfies 


-D.3I9 K 10’** < < IQ.O M 10’*^ s"^ 


(C*6) Show that th€ vaLues ” X8.4, years corres¬ 

pond to a nass density of 10’®^ jpn cm“* = 10'®* kj? u'^, 

(C,7J fJl [^hecl!*“that fC.IS) fox a^j “ 28.4 yields an Inequality 
> -in In agreement with (C.25} (whith is based on 
(C.12)J. 

fii] If = 2S.4 show from fC.18) that > 0.17S, 

and thai this Is consistent with iCC.ZCl. 
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(C,S) F(Jr regitin S it is stated in Table C. 1 that q > -Z.l. 
Deduce this result fron the definition of the shape nf 
the region, 

CC,&) Show that for 0 < a I 


t -I - * 3o. 

fC^lO} Show that If 1 Mpc (*one mogaparsec‘3 is 3^086 ^ 10 
cm I then • IDQi km Mpt'^ ia k 10“^^ 

1.02 ic fear^^ and = P,f 7 B k 10 ^^ years, 

(C.U) Suppose 4C km s“^ Wpc‘^ < < 100 Jtm s"’ Hpc’^ U a 

reasonable restriction on the present value of Hufahle^a 
constan!^* Show fram Table C.2 that the limits on k and 
on both expressed in units of 10art as 

detailed in the following tabic. 


Reg i cm 

Nuaber 

\ 


1 

-6.JD 0 

^J,1S - u 

2 

-4.72 ef 

-Ih57 HP 14,2 

J 

(3 4.72 

^1,57 + l.Sft 

A 

0 ^ 92.6 


5 

OhSOI - a.19 

0 ^ 2*73 

& 

0.756 + 121^0 

0.252 ^ 99,1 


4a 0 -► 14,0 0 34.0 


(C^12) Show that for m model universe which lies In toglon 4a 


3,0 K 10"^^ kji ni*^ < (j < 424 s« lo"^^ Jtg 


iThe power of ten is if cgs units are U-sed* 1 




SOLUTIONS TO PROBLEMS 


CHAPTER 2 


(Z-l) Since for n. particular galaxy r » E t**, s • = 

and i&o J? = ^ Hence - a/t^j and 

abssTved vel?>city - distance relfl- 
tinn is, as in ^^t^ [S-SK 


u = - fi(t^-iP/o)p 


W* , _ .Qr 


The density Is 




(Sftir 





The Milne equations follow frora a • 1 and the Elnstein- 
de Sitter oquiLtloins from a * 2/3. 


CKAPTER 5 


[5,1] Solving p ^ finds 


fw 2 




Substitution in the express±ufi for the kinetic energy 
yields the required result* The first tetm is dye to 

jjjji ju. 

the notion of the centre of moss^ end the systen kinetic 
energy is thus decomposed Into the kiitetic energy of 
ta} bodily noti&n and th} interna! Tnotion* 


fS.ZJ [ 1 ) E 

t 


f . 5 - (5 . i) 5 

(I * 0 ’ 


SOLlxno^ TD PROBLEMS 


2^3 

(ii) The positign v^ector of m relative to H i» 

r • aii cos(j^tJ * j $iii(£atn 

where i,j are fixed unit vectors and bi 1$ the con¬ 
stant an^lar Velocity. Rifferentiatifig glvoa 

f * a{j - i w sinfterTli 

r ■ eos[b3tl ^ J 

ifl the speed is ts[ a] ^ |f| = ™ and the atcelern- 
Is |t^| = »= Mow lf \ most eqiifll 

^(a] * QM/a^ (see oqn. f3-2)J; therefore 

- m/m and f - “ GHm/lm* Also hy 

eqn, f3^^1 ^ and so J * f ^ 

The virial theorem holds with # » 

(3*3} (IJ The acceleration towards the centre In a circular 
orbit of radius J? is (tfg fi?] J "/i?. and this myst 
equal the gravitational acceleration so that 

The orbital period T(^3 is the time 
tahen to cover the tSrciimference at speed 
1 ?^ (Jl) , so that 

TiR] - - 2n/lRfgU 

The gravitational force on a mass %at distance R 
from the cent re is equal to mnt/R by oqn (3*2) 
and also to mff by Mewtoti^s 2nd law^ It follows 
that ^ Substituting this into the expres¬ 

sion for TlB'] gives 

Pfff) = -2WtV'<n^C). 

sine# «■ “ 4npfl^/3. It follows that TCfl) is tlse 
same for all planets having the same mean density 
Numerical values for the Earth are 


soLinrodtfs to problems 




- /(aox e.j K le*) - fltioo B s"* = s km s“^ 

and 

ri;if] = 2ii 6400 k«/fl kis 5‘^ 

= S027 5 • !BI3 rain 46 s, 

[ii) Let (?[e) be the ^ravltatioTial a^^ceUration at a 
general distance r from the centre* Then the 
aTguaenta given ahevo arc vslid for eeneTal j-, 
with the replacenents Jf p and ■* fftp) ■ GM/r\ 
and result in 

- '^tgip)r) - /(ffAf/ip) - f3.3.1) 

since as established above g • GM/S^. Cotuparison 
with eqn [5.21J shows that C**! ■ ^2 Also 

the period for distance r is rCi*) ■ =• 

and so by comparison with the result of 

part li) 


rcrj - TWirjny^^^ fs.s.ai 

as required hy pert Cilil. Kepler's third law is 
the extension of this result to elliptical orbits. 

The Skylab results can bflr nbtsined ns follows* 
Comparing the expressions for «^Er) and we 

find ^ a Kow = 64C1Q ka, 

f fSkylab) = 6800 km and ■ B km so 

- a (6*00/6Soaj^ km s*^ - 7.7fi fan s’^. 

Usingieqn f3,4el.) with Tfff) ■ S&27 s* we find the 
orbital period of Skylsb ms 
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2SS 


' 5027 (6600/640 0)^'^^ s - SSoe s. 


tiii) Siae tiroof of [3.3*2} above* 

(iy) The earth rotates once in 24 hours relative to the 
Karth—Snn litie^ However, this line Itself mahes 
6 complete revolution in one year ^ 365 days. 
Therefore in 2A hours the Enrth-Sun line moves 
through 1/3£S of a revolution, so che^’earth has 

-■•'is 

made 566/365 revolutions rolative to axes fixed in 
space. The Earth^s true rotatiDnal period is 
therefore 365/366 ^ 24 hours ^ 25 hours 56 minutes 
fl6 160 s^ The value of r which gives a circular 
orbit with this period is determined hy ej^n 
f3*5*2) and T{R} S027 s; 

36 160 = 5027 - 17,U; 

r - fi - 6.648 J» * 42 547 Itm. 

Cv) It follOH. froB Bqn t^.3..2) that, for any distan¬ 
ces 

Taking ■ 3300 km {Phcsbos} , - 23 400 km 

[Deinos) and -= 7 hour^ 42 minutes 27 720 S| 

we find 

T (Deifflos) " 27 72D (23 40O/?J0(J] 5 

* 110 63S » ' 30 h 44 min. 

Hf)n (3.5*13 tan be rearranged to give 

a = “ 4n^^/W^£T{pn^ 

using also Tfr) 2iip/p^(rl. Using flfTlarsl = 


SOLimOKS TO PtlOKLEMS 


3400 km Bud the Phohos data we Find 

ETCMbts} - 4tt^ (93aOi*/E5400}^f27 720)^ km s'^ 

* ,f10357S km - 3.S75 hi s"'^. 

The discrepBncy between this and the entry 3n 
sectiDD 3ail arises from the approKlTTiate values of 
aisd used hero a 

(vij eqit [3*321 the speed needed on leaving the 

Earth^s atmosphere is 

Now Pt-J - (n-ll 30 “ 12,43 km s"’. while frimi 

pan in 

UgCff) - •'2' Upffl) ” fi/2 kill s' 

Therefore 

BfS] = (12-43^ + 12«)^ km s'^ * 16,SI km s'\ 
about 4S per cent higher than ■ 11.31 kn 

(3.4 J ProiB ctuestlon (3.2) one has For a circular orbit 

,y ifj«^ ■ ffW»w/Zr 

$0 that at distance S *■ d • r Fran the centre of the sun 



if being the distance from the Stir to the earth. 

This result can also be obtained from the solutian 
given to problem 3,3 Ciii} 


SOli/riDNS TO PROOtiEre 


2i7 


rtF) 




3/a 


2 ji /I 




3/a 


Evaluating this numerically 
L3/a 


3/a 


M='’ . [ »■»« ■ H'” ] . . 5„j. 

XU/ L 6.995 i* 10* J 


H«rtc& 


r(i») 


Zn > IS. 14 X 10^^ IT lisa 

^ in 

/(l,32i) iO^^' K 60 ^ 60 « 24 


days - 36B days 


{3.53 (ij Mtf) 







[11) V(r) ^ - GMir}/r since eacli shell acts as if all 

,'j. 

it% mass were cancentrmtsJ at the centre. 

(iii) ^ach element of mass &fTr is noved from m to z». At 
infinity its potential energy is iere. At jt it is 
1^(p) flrfl- The change in potential energy 6Lr[i"J - 
is the work done the fields 

SumjBing over the elenents fiw which make up the 
thin spherical shell of mnss dJ^(rl * (Jc/j*)4iii* dp 
yields the change in potential energy ir66^(r] * 

E6m, We write this as Au(t} = i^{p}dH(p) = 
-dv(p] * whpre d^l^[pl the work done the field 
in producing the condensation of the thin shell. 

Civ) fdirfr) ■ - [yfj?) dAf(r3 = \ 1 kS ** -^TtAr dr 

■ — Ct^+2«^-3«^fc]. 


X(jw 6^* jg^-Sisr'b =• tii*u3 ' . Therefore 


jdJ/[rl = f6-a]^t2?'+2al 


I 

r 

7 V ? I 

4Tlfc- 


the last factor being just unity. This yields the 
stated^result - It is positive because force and 
displacement are in the same direction for the 





SOLimONS TO PROBLPG 


whole process, 

Cv) The work done by the field 1« 




»{!■] = 

J dW(r) 

i/f») - 

J 4 V£rJ 



Cb*a)^' 



This is negative because gravitating misses tend 
to condense spontaneously fro* infiiiity, where the 
potential energy is aero; the later this collapse 
is stopped the more negative th* potential energy. 


f5.6) (1) Iffe have, on adding a‘layer of thiclEness G#*, within 

1 * + Gr a mass of 


^(r+6r)^ [p*6o] ■ 




this m&.^s is also iff * 
I 


—D * ^lu* a dj* + 


^quflt in|[. 


tli* + «ip = 4iLt-^a dp. 


which is the rctquired result, 

[ii) Me have ^ so that 


iGm ^ Cj djff 

‘T* ^ "Y a? 

r I* 


2fl itt.S ^ fl 

^ p * ^ 

8n5 


fje. ^ d 

4iiP P * -^p 


= -—^ -fliitjijp * ^5^’^3p 


. dp 

T-[^ 'a? 


incfo ’ jpj, 



SOUniONS TO PRO&LEHS 


2S9 


[iilj 





tm 




t 


At the surface g increases Hith r since 

a - |p- 3.S - 3*68 <0 

Sn the nuBerically lAr|.est iralue of 
expected the Earth (see sketch)^ 


CS."^) Far the neutral paint s 




"I 

m ~ 




where the jnasses of Earth and l4oon are denoted by ^ and 
14 respectively and CA is the gravitational field due te 
the sun* It follows that 



JL 




L,e. 


liOLlltlOHS TO PROBLEJG 


Hencfl 



is the Dqiiatlon for fts solutioTi is 



We have S/M = 81, and 


* , a 

zr' sn mf' 


so that £ ■ 3.S X 10 


CHAPTER i 

[4.1j iat a,b be two arbitrary galaxies, vrhicb are at 

tiine t* at equ^l distances^ fraiit th^ origin B* Th«n 

i-e- 

It follows that * r*(t.), so that 

A I P J- 

at an times. Since two g^lajel^s are at tti* saifia dis¬ 
tance from 0 at one time mly If they are at the same 
distance from 0 at a.lt tines^ there can bo ne overtakiflg. 

For constant one Integrates -#/i = qk/R to yield, if 
A is Indeperedent of time, 

-inh - inff^ - tn4* 

;,Hence 


k ■ A*’*’, H - 


f? - -n 



SOLEJTIOWS m 


Integrating again q * -l betweem and t vherB 


^ and noting H • 




Integrating for ^ * -1 from t * tT whore ^ 0, 


* £q+lMt* 




f4,5j We tiava 




'(5 * iK 


Multiply these equations by to 3 pec lively to 


„2 ^ C X 

••’” ■ ■ J' 

i3ir^ » + 5 . 


fd.3*n 


C4.JI.2] 


£4,5.3) 


as required. 

(4^4) Equating (4^3.1) and £4*5.2] and also (4.3,1) end 
(4,3.3) yields 


2jf^ 




Also adding to eqn (4^3.2) multiplied by 2 first (4,3*1)^ 
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SOLUTI^JJ^S TO PROBtEWS 


and tlien (1.5,3), 

\ - [1-3^3^^ * ^ 

X - C«-2i}]i5f^* 

Lsstly subtract (4.5.3) from (4.3.5): 

“ - 

One $e«!$ that *t > D for C > 1, Ic < 0 fox Sf < 1* For 
A, " C Ofl^ has that 2o* Hence for such modols ft > D 

for q > and ft < 0 for 4j < h- 

CHAPTER S 
a 

[5,1] ia known to he wfn*L}p and for large n this yields 
a’ « 

n /Z* fr is j{#i+l} (la+1] and for large n this yields 

n^/5» The liiain contributions to these suns comes from 
the large values of n when the interiral hetween n and 
n-i^l is much smaller thon h, the term to be added. Under 
these conditions the sum due to the large n-values is well 
approximatod by an integral. This approxImation is poor 
for the Small it-values, but their contribution is negli¬ 
gible anyway* One"therefore finds 

^ 2 *2 

djr ^ ^ 2 ^ ^ for large a, 

1 

n 3 3 

dj* - " ^ ^ for large w* 

1 

ii ” 

f a j 1 in-J 

f - an'* 


fS.2J 


for 18 T):p >1 Rnd for q > C. 



SOLUTIONS TtJ PHQELEMS 




n f 

t5,3i If ^ J inr • linr dr [r inr-rj, * « Inn-n fcsr 

r,l ^ 


I 

large n* It that Cor ler^e n 

n 

lltLP 

9 ^ • * L , g. p S * ^ n 


e-^ * (ft/ej". 


fS.^] We chose the time where the scale factor is unitj-. 
Start T^ith a spheTlcal shell of particles whose total 
Biass is dmlX), as Biveh in eqn fS^U^ These perticlea 
are affected onljf by the mass within the radius X» 

This laetter gives rise to a gravitational potential 


vCX) 



-^x p 


or 


Hence the contribution of the spherical shell to the 
total potential energy is 


di/lX} = (pfX) amW 


■-r^ 


*1IX^ dX 


0 




‘^<*0^0 



{s,4.:l 


The reason for the first expression Is that each element 
of mass dflr can he imagined to be tioved from infinity to 
the surface of radius X, At infinity its potential 
energy is zero. At the surface it is dm^ The 

change in potential energy Is (^[X) - 0 - ei(x) dm. 

Applying this reasoning to all mass elements of the spher 
ical shell of msm given by eqn [3. IK one f inds 
dy(!X} * qp{X) dmiX)m The expressions [S,4 + l] can now be 
integrated. One then finds the contribution to the total 
potential energy froffl all spherical shells at time 


At a general tirae t the potent ini energy ” “#/F 


SOLtmOKS TO PROBLEIiG 


2 M 


kntroduc<}d in Section 4.4 hehnve?. ni^ no that 

■> i- 

V'p( 4 ) - 


Honce 


fl - 


94111 tlilJi establishes the required result. 


CHAPTER 6 


(b,.!] Use equ tt,35’) to find the density parsmeteT bs fallows: 

^ a* 






where eqn f 6 .l 7 ) has [i«n usod. Since a * ito /Cr one 
finds 


2 ( 1 - 1 -^) 


This is q by [e.20). Thvts o “ ns expected from 
(4,24J witli X - 0. 

Lastly, cMSider eqn (4ai7y. On the left-hind side 
we have 


iid 


ha 


2 .* 




J hV (! ,.*) 


t: - 


On the right-hand tide we have 

^a - q - 1 • 2 q * 1 
thui confirming ( 4 . 27 )« 






[6.31 ?3enr the hig hang r and R are snian so that u < Jn 
that cate 
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/tuj - 

ji 2 5 

- * . .-Uil-tlb^l T y 

, . , I ,0 t»„ , , ^ 

For SMI-I B, q ^ 1/2 b/ [6^20]. Lastly^ substituting in 
t 1 the e*Iirc$sio*> 

C - ^g(?)(f ’Ct) 


(Tom CS,9}, dne Finds tiie required result 
6iU3p{t.3t^ ■ i. 

Alternatively use the equation " S 
which foT small ^ leads to the analysis of E - C/E as in 
the Einstein-^e Sitter laodel. The resnltp staled follows 
then imuedlately^ 


[&* 3 ] Use the fornula ■ 1 with 


t * tjj • 3 * 10*^ j 


te find till cfls units with c ■ S»67 * 


n H. 1 

**0 5n ICT 


(5 »t 10‘'] 


■ j-=-^ - O.Sft « c«"* 

k f % i- 


(4.4J By it.9] with = % n 10^^ S, 

0 


“ StrCfl'- STi*e.r‘il5”''«9»«lO 


in- ^ • i,9s»Jo’*®kg 


■ 1^ c-m^^. 
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SOLlfTinNS TO PSOBLEI^: 


THe ectuation of Motipa is 

^ * rQM/it^, i*e» 2 m = 
Intogratlao lead^ to 



where the constant of iot-egration* J, Is tero since 
i = 0 at JT * It follows that 

/s ds = /(IGM) dt. 

Integration, subject to i * (3 at i * )fields 



Clearly as ar ■<■ js 

The problem corresponds to a cosmological madol with 
- 0 • 3L* i.e, the Einatoln-Hile Sitter model, provided ooe 
makes the Identification 

i * the scale factor n 

IGM * C = 

(6.61 (il e^batioii of motion and its intetration proceed 

ias follows; 

mx * ^ p. ^ 

The velocity Vanishes at * * i*e* 

A - * 2 C«/arj = 0 ^ - ( 6 - 6,11 

The energy equation can be written in various ways. 
The fom 
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shews th®t the particlfj.^wllX tmvel tQ s • « If 
> 2C?W/j?g^ Then of is negative uni 

the particle will never reach this coordinate 
value, 

(ii] If - sln^H/Z then 

“ “ 3J* “ ijsinftt/2%oB(«/2r 
Also a fora of the energy equation I 5 



Hence 


sirL~»t/Z 


a 

X 


sin -a/2 


B% required^ and the energy is 


t6.6.4) 


Sf m = gwW 

^ 3** ~ TT 


(43.6.S) 


finj 


Tak« Pj >U. Intejiratinf with ihe con¬ 

straint that p • 0 [i,e. w - 0) at t • 0, 


t , _ I sinj da ■ 4 | fl’Cos »)iiu * ' 2 -(w-sln aj 
41 n 


a 

‘ I ■ 
“ sin 


sinj /{1-sin^ 

■' if:) ■ if:)'{ 



The tirae T for a complete cycle Is given by 
oCt+t) - at + 2Tt, where thus 

T *■ In/a . 

Note that £or > x > 0 me have > Qt 
At K ^ ij, we have i = 0* Tf dc > there are no 
solutions for i by so that ^ decreases 

again after reaching the value x * It 

approaches i = " at x * 0- 
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SOUrriONS to 


JtvJ TflJt 0 < 0- 

Now is Always polltive by and 

the particle goes lo iiiLfXnity. PtSh 


E ir = I s-inh =» Iff * i siiih ^ h* 


-1 


Hence If i? la real then we can put u ■ itf and 




ill 

T 


*sinh^ 


d 


Also 


Si«-’(l(/|^|)) ■ i MI.l.‘V(|^l). 
Hence the result of ftij becones 


- jtiu-sinh i?] 

. I atnh'^(l^l) - 

from ^hich the desired relation Fallows. 

{vj From (6.6*S) one ittes. chat problejs f6*'Sl is recov¬ 
er -• 

ered when ffj 

The aquation 



l2- IM M ^ £m 

*' 1C m i j 

shows that the analogy is brought out by the 
replaceoient s- 


:eiif - e. ko^ 



im 


The case > 0 corresponds to ^^ = I when one hos 
an osclHatIng^tinlversa- The ciite < 0 corres- 
ponds to A ^ -L when one has an aicpafidisg ucl-verse. 


C6.7J [f t = El and X < fV 



SOLUTIONS TO PKOBLLMS 


2^9 


- Jjfy (l*COSt/(3|Al Jt) h 


:t follows thst 


_ -r, „ _ |3tV2UI |/[3A)siii(/t3|Aj Jf J 

" ■ ^ trwmi 1 f 1 -oo;i>( $ i iiJ tn 


- T l^coifHSlMU)' 

For t this yields the constant f*r the 

Einstein-de Sitter mgdel: 

/fM'l AMkpt . 2 

Also one has after two differentiations of the equation 
for R and Eauitipl^ing hy l/feffJf\ 

1 , 

&y eqns [ 6 - 30 ) and f 6 *Se) 

= e - §£J'COstV(3lA|l 1 - ftl*cos(^(3fA|lE)l. 
This yields 


j^co*i(/r5 

k 

JtJ 

i+cosi/ta 

X 

HI 


For sRhstl t, <1 > 


(b.B] neplaeing the density parsflister o by sero and A by -I, 
eqns £4,21] and £4.27] to £4.29] are 

-H « = -X/3, - sl. 

In these equations we shill use, with • f\|/3» 

H ■ detail at, (j - tan^ Qt^ M • (e/a.}^in at. 
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SOUiriQNS TO PftOBLEKS 


Then 

-fi - — 2 !— 1— ^ 

tui a£ coa tilt 

as requireil, 

Lastly, 


U*i}s^ 

slM as r^quired^ 


I ^ 

cQs^at ^ 


CHAPTER 7 

(7.1) Per It l^rge enciuith, ■ tx/3)J?^, so tiiat 
I - fffi] - flttj)*xp[/| CS'*,) 
The Hubble constant is 


ff « I - 4 . 


fliT 


£7,2) For swflll enough tfiaeis the C/Z^^term dominates, 




lfl7-0-atfi*=D, It follows that 


^ " Ti* ^ ~ 

£7*3) fly «qu £7,4) with b ■ 1 and * •= 1 +0, |a| < 

a . a/—- Ba = u^a, 

' [i^a)* ' 

This equation has the genetal solution 


and 



sourrlONS To froblekg 


3 - ^ ee*"* 
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SinilaTlr eqn (7,3} yields 

sQ thnt 


6^ # t ^ in®. 

Substituting OUT general solution into thiSp w find 

-Ui 

- pe-"* . 

Hence A = 0 or ^ = so that one hns either an exponen¬ 
tial rise or an exponential docer of ^r ^nd hence of 
with tlBifl* The possibility^ of an exponential 
rise means that an initial snail departure of R from the 
static value J?* in any direction can lead to an increas- 

"T-"’ itb 

ingly large departure in that direction^ and in this 
sense the static laodol Is unstable. 


CHAPTER 9 

( 9.13 If u = rt in eqn f 9 . 1 ) one has 

iB * - • 

Multiply by 2^ and integrate to find 



as required. 

(9*2) If one replaces ff by in eqn (9^BO) and equates to 
the relativistic result (9*12) one finds 
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SOLUTIONS TO PROBLEMS 

ft * 

“ '^ifl I * 

•j ‘ 

Multif>lyivig by S/ln^r» 

'} ^ ft' 

pff* ‘ (pfl'’}^ “ j dn\ 

" 'j 

and the result follcwip^ TJium the energy equAttons for the 
two theories do mot agree * but the difference cart he 
renored by introduciiig an 'effective^ gravitational con¬ 
stants 


t9sS) For lero pressure models eqn (Shi 81 holds, i^e* there 

exists a constant o such that p Hence eqn (9.11) 

yields 


a a 



(9.4) Ci] The energy eqn (9.5] is* with p = 

dp p + gp = 0, 

and this nay be written as 

^ i.B. dtln p 1 - ^dlla 

This shows that ^ A (say) where A Is Inde¬ 

pendent of time, 

[i%} Substituting this result In ( 9,311 


SHJUn'ICS^S TO PfiOElLtiMS 






K 


a 


TV. 

A tlJ? 


I * Sff, 


t9>S) £1) We have the tatal dlffcreiitlal &, using the 

second law Ln tlie form 

di? * dy * pdy ■* t'dp " - sdf * TiS + Np - TdF - Bdf 


BO that 


• P6p - Sdf. 


It follows that 
.2 


apl? BT’lvsp^J 


Hence 


(lf)(, “ (5^)p- 

(ii) From the i^econd law for qutsii^tatic processes 
dU - TdS - p6Y. 


Hence 

(If)/' * (H)/' - KH)/' * KH)/' - 

The coefficieittsp of dv must be the same on both 
sides of the squat ion, 'so that using ths result of 

(13 


(f?)^" p - Ktf)r ■ 
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SOLUTIONS TO PEIOBI^MS 


tfe axe to solves 


ill the form 


U • T\ 


(I?). 


vJiD\ 

?\^4' 


Ef =■ * i rt^ 


where / is soae function Of # and r. Then 



The equation foT if ie therefore 


“ ■ Kl^), * ’■''■'(1^). *»- Kli),- 

This reetui res that the funCt iE>]l f be indepenJent of f if 
■ is kept constMt. It follows that UV^ -* f(s). 

One may sho^r similarly that if then 

the function / must be itidependtnt of y. 

(9.7} Fot any simple fluid 

- • (If),- • (If)/* 

• (if),[(ii)/^ • (if),-i * (if)/^ 

■ (1?)/^ • [(if),(if), * (if)j^- 

Hence 

/^U\ f^U\ f^US f^¥\ 

For ati ideal clssaical j^as the right-hand side vunlshes by 


SOLin^lONS TO PAO&LEfrfi 
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eqn (9.23). 

Now for any simple fluid one has by eqn f9*25} 

- (^), ‘ KM), 

■ (M), • [(M), • 

But 

‘'f " (l?)^* 

and this proves the result. 
f9.8) Use pV • pUt fS • jU In e(|n [9,.2Q]|s 

ds - Idy + £dy - » JfdF - |d(in 

Hence 

tn s^' = tn i/l'^ + n 

where the last tern Is a constant of inteftration^ 

uv^ - ’. 

Usinj eqn (9,19) 

fU} - s^/ jx^-K 

Hencff from eqn C9i21.J 

d/f a) * a d 5 ’= *615. 

SX^ ■ ^ 

It follows that 


Hence 


so thnt 
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-SOLUTIONS TO fROflU^HS 


rt.i . 

For black*bi?dy radUtton ti^f\ that J * jm « 

that /fa> * in agreemfltit with (5*311^ 


(^,9) The energi^ of the aystew consists of rest energy plus 
thermal energy and by eqn 

a Pp 

P * n^flTp. + * ^5- 

Substituting in eqn (9.4 2) (rinlds nqn t9.4ij with a - 0, 
H«nc«, since ■ * is time indcpeVidBnt, 

n O i" 

-T-J! + n h f ■ 0 f 


SO that 


^ 3(y-1) 


T Is time-independent. 


Put * CVfl~^'^ i then C Is » constant and 

_ _ ^ e r= . c _ r/. 


•-1^ [• T • 4‘f ’ - H- 

pit L J 


This geaeralizes eqn {9*44) for dust by adding a teres 
(9^46) due to pre^stire. 


{ 9 ^ 10 ) In this case 


pp ■ f CpF"^?r?ijj)a’'p i.e-P i:- gfp-n«s^^)o" 


hqn ( 9 , 42 ) is 


SOL^JTIWS TO PI^BLEMS 
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3? * ff Jp-llirt’^] tf ^ ■ Or 


Consider the v^rlabl« ^ - A, where A is a constant 
to he chosonl* The above equation for p becomes one for 
gt 

n, • ■ “• 


If One choses M “ which is a constant» the equa¬ 

tion for If is 

^ « '3e~ i.e, is a.COftStaut. 


Thus 


hIq (nfl*3 


where ^ is a constant of Integration. It follows that 




and 


■ c. 


The left-hand side 1$ h statenent about the intemal 
energy of the system (in excess af the rest jitass- 
energy)^ Oufricly that the follawing quantity is a constant: 

•> Oy®'. 

By [9.22] this states that the entropy of the ideal quon- 
tun gas is a constants 


c^ai) 


tao 


10^^“ gm cm*® = 10*^’' kg 


a . 7.56A M Itf* {3.70)^ 

[l.asa)^ 10*'^ 




o.*47 10'®® iij m’® 



SOLUTIONS TO PR0BLE>1S 


■Therefore 


p « 10- . 

mo- r Q 


(9,13) (t] Vy (9,33) 


« - 0,3702 nT^n - ^^(2.70)* 

» lp{]ft^l0®in"^- 


The number of nucleons,, based on is 

DQ 


““ 1.67x10’^’ 


0.599 m' 


Keece 


— » i.fias * 10®. 

n 

■o 

, 62/ 6r 

( 11 ) l-'Tdri ii<in ( 9 . 31 ) , SO that 

The radiation energy per nucleon is 

v;; . t>,M73xl0-3°x2.e979^M0’» ^ 4 «. 

”■0 0.599x1.6021x10-^® 

The energy to ionise a hydrogen atom 1* 6(/^ = 

13.6 ev. Kence 


“‘r , 1 1.3.6 

^ ^ 4.189 10® 


fl.iia 10' 


(9.14) Subtract ec^n (9.22] from g tlaes.i (9^ 20) to find 


q/f - - q - J1 “ 2^0 - ^ - 0 - JffO, 


so that 


tfX - tfl-*l)i * (2fl“3ff-lJ*. 


(9,15) A conblnation of a times eqn (9.22) less B tines ecln 
(3.24) yields 


S0UmCIV4S TO FROflLEIffi 


179 

“ pA' - CMJ - i * (3a-B'fl^]3o^ 

Take a • SCl^tfK 6 ^ 1 + 3 ^ when the riEht-hand sidfl 
becDnesi 

Jo Ijjq - I - + lof-l'gr) * 

The left-hand side is 

2q + 3(l+^?)j; - 
The result follows. 

(&.16) Since fl3.I4] and 19.U] 

C = 

a = AnGp/iH^ 

the required result fallows nt once. 


CHAPTER 10 

{loai If s 


I iKen ^ | Jdtf = JtCl08g(Wj)-lng^fVj]) 

V| 

K loBp(Vj/Vjli. 


Fron eqn (10,11), therefore. 


1 


becatise from (1(5.9) 
implies for a = 1> 


(loai 


fa) Ftoti (A»2 31 and (10..29} the Milne model has 




SOLUriOHS TO PfH]BLF.MS 


2BO 


Hence (10.31) is 


r"“" 


'r*E. 1 S 




or i£ a & ^ ^ 

'....1 ■ ‘“«i<"i,)’ r’' ‘‘{T^f ‘‘' 

D 

(“■“ 

0 ** 

2 

Near w = £S the inteirancl behaves lik® 0.2£/i4 anJ the 
integral iJiv«rges^ 

fb) Frottt {2+?), and (10,29) the steady*state model 

has 

A*^/at,.xh 

Cl.O*j - C1..1*, - (thtsi^) »,• 

Hence Is 

^total 




4 

■ J ; 

0 

1 di* 


f m) 

1 d« 


D 




{¥)" 


0 


< InSgEotn)* 

j‘ (§)‘ - 


nee t h 

natural origiri df time* Then the equations of motion ate: 


(ID. 3) We can take =* 0 since the steady-state inodel has M 



SOUn^TDNS TD 







r = 0 at -fe * 0 and at t • t, , j* ■ j*„ at t = £,_^ 

i ti rp 

CIO. 3.51 

Gonsidar tlO-5*U and define A variuble 

P + at 110-3,41 

B H 

Then fram 

^ * ^ * *'* * “ = ^^ 

Mhieh has the general ^Cilutlon 

U* Ut 

ti = Ae and so r • A9 - at,, fer 0 < t < 

11 rp 

ao.s.sj 

The houndary conditiona e ■ 0 at t * and r =■ at 
i "" together with (10>3.5) cive 

A •= ajid Fp * -1). (XO.S.hJ 

In the same way, defining * variable w = r r at^^ 
reduces [1D,3.2J to da/it ■ ffy and ^ivea the solution 

r ” 3*^* + ot^ for < t < tj, (10,3,71 

The boundary conditions p « at t • f and p = 0 at 

w rp 

r - ij together with tlO.S.bl give 

ff - -ofr|^ eRp[-3tj] and * ety(l-e*p(«t^ )e*p(-3t^))* 

(10.3,^1 

Now introduce the varlahle f = FQ/etj|. (LD.J.fl gives 
exp(3tj.p3 = 1 ♦ a and substituting this in tlO>3.S) gives 
* I - [1+r) eKp(--fiftj), exp{3tj} •= [1 *Jf]/( 1-Jf] j and 
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finally t j = tl+s=jyC1 -j:J f * Since we fiave chosen 

“ 0^ (io,S6> is in tho present cese 

at at 

4^ * - -p 

as required. 


CHAPTER n 

2 

fll^l) SC has j* ^ ^ 

Model MC has i- ^ aTid so 

Model EC has r * [2+3fl} end so 

Model SSR has r ■= Cl+o)^*1} and so 

2«e„A *a)^*lj 

Model E5H has j- -- - - 

2*3j[:+b)/[i:1+«)**11 
Z^Zs + n^*! t 34 t2**l 

1+2.5«-^1.25b^ 

and • ( 1 +h)^i*, 

L 

(11.Z} For model MC. eqns >3^3: to (11.39) imply 

. r'" 

and also 


£ 

a 


1 

r^- 


1 ♦ a ^ I 
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SD tkftt 


"L 1, 


S o-*) 


f ^ 

* u 


[It S 


I [if'* - 


1 .1 1 


3li^ li‘ ti 


. -1 . 1 . 1 ^ 1 
^ tl‘*L)^ 1-*^ 


St 


Kl^V 


tequir&il. Also from eqtis (11,16) Ko (11^40) &ntl 

M = ^/Cf, 


5' - 


I" 


For model HSR, eqtii (11,36} to (11,39) imply 


•' ■ r 

J (l-2x)^'* 


and Al5f> 


1 , g , 1 

\rWa] 


[11-2.U 


sn that 


J,r ,. [ *• gjdg = llzMJ 

i (1^ 


1-y 


2S4 


SOLUTIONS Tt) t>RE)BL£P4S 




i-2x. 


(-^“*“-2 ta lii+Tj) 




■ 5 \ t ^ * * MO-J'il ■ (l-»'il}- 

as required ^ Also frosi eqns ( 11 < 4Dl end (11 « t* 1 ] 


fl' - 


For model SSR 

■ • ■ ■ (}^)‘ • {1^}* 

&o eqns (11*37) and fHimply diTGctly 


'■ ■ 1 {i^}'' ■’* 


and eqn [11.441) implies 
rl- 4 r 




*L*^L 

(11,3J SubfititutinB (11.8) and Cll.lD] Into {n>47] jiivea 
- 4nffAu I dUg. 


Since for this model ^ • 1 /*^p introduce the 

variable £ i &ive 

b H 


f ie- lV 


fe**-2o* 


da ^ 



SOLliriOi^S TO PROBLEMS 




* -KS - ^ + I * tftC«)* 

Zw^ 

-jf > 

ss requiredp If ^ e ^ Bxp(-f.|^/f||) = e%p(^Ht^'} * 

Suhstltuting eqns (11 «9] to (ll.ll]l intu eqn [11«49J 
alsu loads to 




ss required. 


(U.4] Front eqti (n.lS) 


. -1 - «£/*„)’"• 


Using this and eqn eqti [1K4S) becomes 


flTfSJ - 4fwi,Vp{3ot^] 


>r‘" is-tVoi''”!' “e 

1 ■ 


IntToduclTig that dfg ^ * 

this hocomes 

my • 4iiK^{ veo)* ii-if}* dt 


and since • 2ei^, for Einstein^n Sitter models, we 

O tl 


w' - »(1-p)^ ds ■ 


From eqn (11^14) Using thiSp eqn 

and the requation following [11.15}^ eqn (11.4E^] implies 


saurnws TO problems 








ifi 


TTTTT 




as. required. 

tll.S} The IntegTftnd in ei^n i? to be ■oltipllcd by 

2 2 4 

S ■ X arid the upper linlt extended; to a 

'horizon' distance or ntaxiinuta distance ■ 1{MC} or 

Z73tECJ. For ftCi using a " i^/a and the results of eons 
{lli.36] and {ll»3?Jp We find the lotal incident eheric:^ as 


K - ^nAK.et^ ^ - = 

f ^ 






and so r{eqiii¥*) ■= 1, 
Similarly for EC 


E * 4 


h1 


2/^ 






and so 


rfequiY.) • j 


rlf. 


dsc 

rr 


' (f^} • 

= 0.5 fu 5 1 * 0.5*1. 


a* 

i (1-0.S*)^ 


A- ^ 

.2 ' n 


2/3 


[11*6] The sanir procedure is used here as in Froblotti IKS* but 
with “ l(SSR) and O.S(MSEJ, and with I * m = 

For model S5R, using eipis [11.56] and [11^37], we find 

r ^ 

i (i*“r 


E ■ 4n4ip'_d3-«i. 

0 H 



SDLtTrTONS TO PROBLEMS 


387 




0 ft 

Siailsrlyi £gt Jitodel HSR vs find 


B - 


1 


o,s 








h1 


(},& 


djtf • 2it^.¥^45ijj 


so that rfequivO * 0,S> 


ni-^t In mdel SGfl the total Incident on a sphere of 

imit cross-section is found hy multiplying the integTand 
in eqn fll-4T) by the briEhtneas and extending the 


lower liinit Of integration to Since 

s - stld {from eqns 

^0,45] and (ID.43)] the result is (with ■ 0) 


and ao nlequiv*] 


rO dtr 

E • ^^ 

“ L ti**)* 

= £ , ± \° ***6 


Using eqn (11.111 for' l+s, and alsb the fact that 
- l/S, we,i, find 


I* 


{equlv*) “ 




0*2S* 


In model MGR the same pTocedure is uaed^ starting with 
eqn {J1,<IS} and extending the lower limit of integration 
to lero^ The result Is 

.*<1 dtp 4Tto4J»- 

^ J TY^ = -tT^ J 

0 ” D 

(usiTtg 1 * a - /if(tj.) = t(,/tg from eqn (ll.lS))^ 

Since for Milne models this int^lies 


p(equiv.) 


tpdtg = 0.5, 


saumcMS to probl£I£ 
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APPENDIX A 

J.; : 


(A.l) If u - 0p6cf then frcFi« eqn [A, 3} & ■ so hy eqn 

(Ar3] a tine interval af 1 ;^oar on the ship coTresponds 
to 1^2S y^nr^ in &« The ahip thernfoTO moves a distance 
f0il6 >r Ills) ■ Q,7S lljtht years in S betvMTi emitting 
successive signalsp and the travel time of a slgnaL 
emitted at distance a? Light-years from 0 is a? years + 
Labelling the emission of the ^th signal by and its 
□ bservatlon at Q by the follomrlng table is easily 
checked, and implies the results asked for. 


Number of slgtifilp i 

1 

1 

3 

4 S 

4 

7 

fi 

*ei = 

x-coordinatcr of 

0,75 

l.S 

2.2S 

S 2.2S 

1,5 

0,7S 

e 

Si - 

t--^i:oocdiaatff of B^' 

1.2S 

3,5 

3.25 

^ 4,25 

7.5 

S.75 

ID 

Si ^ 

t-CEHiTdinaEe of 0^ 

2.0 

1.0 

6,0 

&.0 &-.& 

9 

9.5 

10 

Note 

that if V * 0,io 

p 1 ^ 

* = 

{^1 

2. SO 

the 

time 



interval between observations of sigtinls emitted on the 
ouii^ard journey is 2 years, in BgreemcnT: with the tshte, 
Siiiilarlyp if v - -0.6^, 1 * * » 0*5* 


(A^2> Kqn (lO^Sji remains valid for a galaxy moving in a gener 
al direction, and inuat be supplemented by Ar = ^ 

e cos ^ otgj whore * ti cos 0 is the radial component 
q£ volprity of the galaxy. It follows at once from 
[IQ.S) that ikt^ = at^fl + fit CoS * However, the direc¬ 

tion of motion Is Irrelevant to the time dilation factor 
of eqn [A,3)* so that eqn fA*0 gives 


1 + s 





as raqulrad* If * * 0 then cos * 1 and (A^S) Is recov¬ 
ered, If a * iao“ then cos a = -1 and 


1 ^- 

which is eqn (A+d) with the sign of v reveraed- 




SOU/TIOMS ’ll) ma^EMS 


zi9 


The condition for ter? red-shift is 
I - of if W 5 «i/j^ and St E CBS ®, 

1 - — 

H-a*) 

1 - ^ 1 * Ztey * 

1i, If ■ 

This Is B quadratic in j:. with solution [since |x| ^ 1) 

¥ 

and it » O-Sis gives cos $ ■ ^ “ -UiSi soft* 120*, 

(A.33 The maiimm red-shift occurs when motlor is radialljf 

away from the observer (8*0 in the notation of Problem 
[A.2)) and is where 



(ij Since = 2i It follows that 1 * it/o = 

Itltf/e * 8, 

s ” 0 • 80. 


(113 


The maniaiuni blue-shift occurs when iotloii is' 
towards the observer ■ 180“), and its magnitude 



1 


1*B 


■ax 


1/3 


so that > 2/3. 


(lil) Thtf roinimiort ajjparejit brightness Eiccurs for 8* * 0 
and is given hy eqn (10,20) with eqn 
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The maxlBuiw apparent brightness oepurs for d 180® 
kanil is obtained by replacing ^ by so that 



APPENDIX B 

(S,l) The table is obtaineii frota fortflula (B*l} by simple 
algebra, 

(B-2) The period available for the measureitieiit of the mass 

-.Vi -1, - 

difference is the period T since the big bang, 

The smallest mass difference which can be 
measured is glvan by 

* hff 


whence dm = mt^6]. 


(£.1) LTsihg [tf] - 






j^a *t + c/ 2-ft+3Y+4+3t f 15-2-ii - 


Hence 

d • Jta-s-3sj. 0 - -t - J{Z+6+|}, 


Writing 6 = ft/3i e - ab‘ in 
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yields the required result- Hie time dependence is gov¬ 
erned by 


SO that b* • for the time-tftd*pendent masses* 

Hence 


tn = 

k f 

becomes nrf-l'jia . 
l^.i} Ut us put 




I*) - 


For this to be an electric charge, 

(*] - 


one n«fid5 


1 ^ 

a « 2a ^ V * I ♦ 

rt follows that S * a, making the charge time independent. 
Also T * Hence 

t {hiji] ^ or *■ h'C. 

The coefficient of proportionality , ftp is in this case 
Just the fine-structure constant a ■= 1/137* 



SOLUTICmS TD PROSLEWS 


[tiS) TJic quantity to be considered Involves * j which can 
always be eliminated from cdhsI derat ions based on the 
text by vrritinp it as * ohir* i,e. In torws of the 
fine-structure constant, Hence we have 

t 3: = rn^ ^ I mp^_ ^ X m j - LI ^ X j 

" •*« * t\aH ® * nf-aT 

It is an algebraic consequenc<i of (B*l) that 

Hence 


t - /iP/a - 67.1 K 10^^ , 


l?e have to replace the reducod electron mass by -^ti * 

Bs explained In the text^ and Is roplacod by We 

Ignore the difference between eiectron and rtoutron mn.it, 
by using itrE-lJ for both and the gravitational radius of 
a stable particle is 


r 


G 


ma^ a 


From eqrts fB.61l and fB*?> 


Hence 


4j _ 

w " 


3 

e 


'"g ^ "(-11 ^ i 

it; r 

fB.7) The time is given by nr(p) " This implies 



Hence 


/iV^ - 

h« 4 

\rr *p 



'i 
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APFEN'DIX C 

(C-l) Wi& hsive t<s solve the eublc equutis^n 

* is - 0 tca,n 


with 


i) 5 -(3o)*, t = 1^-, - 1 - 30. fc,1.2) 

The nature of thfl roots □£ the reduced eqn (C.lkl) is 
terBinEd bjf the values of 

[C. 1.33 

Ippmdusihts epiem: a ^ j- Hero CC,1*S) is negative 
and there ate then known to be three real solutions» 

’;v; 

Sji ^2' ^5 wbieh can be given in terms of m angle 

V, defined by 

cos = 1 - 1/2q^ 


Then 


• 2 i/(-pJ cos[:ni /31 = to cos{wi/ 3 )i 
^ ^&a c;os(v/3 + n/lj, = -bo cos^ip/B - tiV'3)* 

The values of vhich are implied ata - i * 3a 

IJ * l*2j3]. Pot in eqn £C*13J one must choose that 
value which ensures (? ^ p i-o. the least of the three 
values and This is achieved by 

if» = F[a] - ■ Sa - 1 - 60 - n/3J. 

This is the first of the results (C,14)- 

Caaa o < If p* + > 0 there are one real and 
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two cdiHrpleX roots. Only the real root is needed and 1$ 
given by 


Substituting frora (£.1.2) fields the SAlutioit in the fom 


1/3 




1/3 


if* ■ P{o) • ijj “ --1 + idi 


Hijn lends te s statement of the fon 


is used. 


cat o =• i. The inequellty becomes 

q > ?* - + Sa - I 1 - ♦ 3o * 1 = ‘y. 

[C.i) Ctivm Q > 1. The an^Ie ip In irredticiblff css&- Is now 

small^ i+e* 


co^ m f I 




so that 

V - (C.2.11 


Also 


/■(o) ^ 3o|l 2 cos ^ cos j * 2 sin ^ sin 6 d| — 1 

- So|l - + Z| - 1. 

This becomes tor liWBll lU and large cj,. using (Ce2*l) 


Fin) - /3oq5-J - ' 1 f -^fSoK 

Sinco F(a) < q < -Ip the negative sign has to be chosen* 
This yields the required result^ 
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tC*S} From etins CC>15) ftftd fC. IJ) one hes fOx o > and 
writing 2t 3 - 1 and jr E 


It follows that, provided 20 > 1• 


-5/2 lb 


/x dx 

yfa ^TT- 


A I 

St > J 


/x dx 

7T1J7JT' 


CCelel) 


We now prove that 


Jtfl*) s f* '* ‘ sin*' ^1 * (<1 ^ 

^ /f* -it) ^ ^ 


Proofs Lit ^ then 


t-2s dt). 

■^(o -*1 * 


Xia^} “ 2 r dt * sln"^ |]^ 

1 rc.3.z] 

Cosibination of CC.3.]'!l and CC-3.2} with ~ 2cr y-ields (C.lfi') 
for If < o. The cases <| =• o end «? > o are treated sini- 
larl/. 


fC,43 By eqns (C.3), fC.24}* *fid fC.27} 


0« - ■?« t- = - (-10,1} - 3S.5 

o _ ™ 0 - 2 — *2 

Omili ^OriJIK Vtu^/ 


Q Hln. 


,2 < ^ < 3a_s_ 

since ffjj is positive, it follows that 


"J.,. < ‘ ^ "L.- 
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Since fl’* <19.4 * 10® yeajfs. > S.ISS « lo’'^ 
and 


> 36,S7 « 10 years'^ 


. 26 , ^7 . . . 1.^ ,.l . j , i„-« ,2 

9.956 X lO'* 


Thus 

(*o)ftln 
Fraa tkis nne anes that 


- 2.661 K 10“^* s'^, («()■■ It “ 


-6,3fl « 10’^® S’^ < A < 12.30 » 10'^* 9’^, 


(C.S) By eqn (E , 4 . 1 l 


s 


rt follows that 


Owai ^Ottin 


' ' ' fe) 




5a, 


Omin 


SS.2 + 10.1 * 1 • 94,3 


S, 


min 


A$ in FroblBm {C,4) It fnlLgifs that 


'3 fljmax 


SQ that 


-0,3192 a ID'^^ <'*£_< 10.03 h 10‘” s"^. 


fC.S) Wc have by eqn (C- 2 ) 
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m 

^ 4n:£lp^( 


where 5 * 6*67 * s"^ * $™ 67 IC?"* cm^ gm" * 

Take as years » 3*15 » 10^^ S* Then one 

finds that for ilense clusters 




~TnG' 


3 * , a 

-- 1 —3rT-—^ 


cHi"\ 


tC.7} [ij Verify thttt for = ZB,4 one finds - (i.ia* and 

tp -n 

2 cos —^1,106, 

Xt follows that 

>F(2a.4) - fflS.i) ^ f"0*itl61 - 1 * -10.05 

In agreoMnt with eq;n 
Uij One findSt nssumljig ^ < 21.4 - u, 

/(2fi.4> - —^Mp7Ttl-S7-11.1541 - 0.D1S - CI,I7&, 

It follows that > 0,17^j and any nushmai^ 

V u 

lower hound for rej^resents a furl her con¬ 

straint only if it exceeds this valuo. In eqn 
(C.26) it is assumod that ^ C.S2, which Is a 

genuinely additional constraint to what one can 
deduce from the assumption *^^0 “ 23,4, 

fG,B) By (C>14} Cos • D when 20 * 1, so that 

f[a) -F(j^-|fl-i coa 30“) * I - *J[3/3 - 1] - -2*0»B. 

Hence q > -2,1 ftjr [C. U). 

(€-9) Approximate ^(erj by working out the appropriate eiepros- 
sions for the various parts of F{o] * Thus 
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:!3B 


/ 1 1 1 
" l^'s) “ * 15 ' 1 ' « * -* 


Hence 


■(■^0 • ■ 3 i (‘' i ')- 


1/5 


Hcnec 


f 12 ^^^1 

F[o) = 3 Da* 5 > ' 1 ^ J 

= to . . ^^S/3 , 


The terns with powers of D in excess of 2/3 can be neglec¬ 
ted. 

(C.iaj ff* - IPO km s'^ Mpc“^ - , 0 . 3 ^ 4 * 10 '*’s‘^, 

^ 3 ,QS 6 »^ 10 -^ 

1 j^ear " 5 »lS 4 )<lD^s, 

®0 » 0 , 324 » 3 . 1 S 4 ,« 1 D’^*’ years* ^ - 1 . 11 Z 2 xJ(l‘^“ years'* 

w ‘ “ 

"O « a, 97«<10 years, 

(C-ll) The precDdin^ probieifi nay he used to Infers ftoin 
km i‘* Mpc*’ . k - fltid - *o*'o*' 

0.S05S.U*“l,.,„ <1 < S.l«.10-“l,„,.-> > » 

"•I*'"*'"'-\.ln ^ ^ (*0.I. > ») 

S.l«.l»-«1.„,„ C * < (I..,, <«) 

< ^ < i.cis»io‘^®jr„^ fs'^ , ■< nj 

vmin „ .-I DmAX ^ ftmih ^ 

The tabl 0 can he cons true ted froin these formulae,, 
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CC.lJl pqn (C.ll 




On« now substitute's the smallest and tho largest value of 

2 ^'y ^ 

H a intD this fomulsa 
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futiv rftatiiriitte- Tnit bMk iKWkt tO r»dm H 

QUilnTtisitve undmitnil^na of Mfrn impprtfnt vpocH qI 
gamriit firl*tniiit<c cptrmi4ow Wiing onrv.viritN tctNwf 
w rti nma l^a amt firwttinl^ kimn 1h |ihv«j& th* bo»k 
It 6onc«irie!) nu^rtiv varisui thttt Have been 

i>*'ot>oMd to njiplain thv 

tha^ FriMbnann modali. mocMt. and modal 

ufifvaftn Imoivtng pnwvfF< Topic* aim covand induda 
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maiaMal h not praiantad almvmera at ihh levttF.* 

CAerc# 

'An )1rwiilin9 (fippiHtbn (A ooaniipkiiiy mailing 

'efipmtrre uia al «btt»ntarv vndairs^lMta rrwihumitlcf * 
rAa Atmnain AblAamatica/ 
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1.1 

parti^ts^ '* 

Particle lA-C&h ant am-rterf af iJxtmrewHimA 

1,*, thay ire rmpired to earry forces between ptPttelei: they also 
eoilit om their own. 

Their nunfeer not constant: they my be created (or destnsjratiJ In 
interact Ion*. 

For es-iRple* photons can be eallted (ttr absorbed) by atoBs; the nunbeT 
of photons doe* not re™In cnnstalit. 



jlfravltational interaction 

*11^ ere indicted to Dp. J.G^ HtEwen^ PhyalCt tlopartBont, SDUthaapton 
UtiSveraity, for hi* hrtp In the denijpi of thin table. 






